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1. INTRODUCTION

1.1. NUMERICAL METHOD

— any method that uses only four basic arithmetic operations : +,—,:, *

— theory and art.

X=+a - x*=a, a=0
a

X=— , X#0
X

X+X=X+—

X=—| X+—
2 X

— numerical method

1.2. ERRORS IN NUMERICAL COMPUTATION

Types of errors :

Inevitable error

(i) Error arising from the inadequacy of the mathematical model

Example :

Pendulum

2007-11-05
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d? .
a=|I ZD - acceleration
dt
d’p do)' g . . . . .
F+az Y +Tsm @ =0 - nonlinear model including large displacements
and friction
‘0 g
wt1e= 0 - simplified model - small displacement,

linearized equation and no friction

(i)  Error noise in the input data

l,g, 00,92 ...
9, 0l0), 22|

Error of a solution method

Example:

Z_f = t(t (1))

Euler method

Exact solution M

[,

~
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Numerical errors
(iii) Errors due to series truncation

Example

The temperature u(x,t) in a thin bar:

Y it .
u(xt) =ZCnexp( n|27r )sin nTX =i + zi
n=1 n=1

=11 n=1

(iv) Round off error

Example

= 0667

w|N

THE OTHER CLASSIFICATION OF ERRORS
(i) The absolute error
Let x-exactvalue, X-approximate value
e=X-¥
(i)  The relative error

X — X
X

S=

PRESENTATION OF RESULTS

Xexpected =Xt e = X(l x 5)
Example
Xexpecies = 2.3 + 0.10 ~ 2.53(1+0.04)=2.53+ 4%

2007-11-05
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1.3. SIGNIFICANT DIGITS

2007-11-05

Number of digits starting from the first non-zero on the left side

Example
Number of
significant digits

2345000 7
2.345000 7
0.023450 5
0.02345 4
Example

Subtraction

2.3485302
-2.3485280

0.0000022

1.4. NUMBER REPRESENTATION

FIXED POINT
324.2500 : 1000
3242 : 100
.0032 10
.0003

1.5. ERROR BOUNDS

(iii)  Summation and subtraction

Given: atAa, bt Ab
Searched:

error evaluation
| Ax|=|x—a-b| < |Aa|+|Ab]

(iv) Multiplication and division

ab
X=— —
cf
de_da db_de_df
X a b c f
error evaluation
) < o

Ac
C

sa
a

‘Ab
+|—+
b

X=a +hbh=atAa+b=xAb

Af

Number of
significant digits
5 1
5.0 2
5.000 4
Number of
significant digits

8

8

2

FLOATING POINT
3242500 = 3.2425x10% : 10°
3.2425 x10 : 102
3.2425 x 10°: 10

3.2425 x 10

Inx=Ina+Inb—-Inc—In f

|
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1.6. CONVERGENCE

Example
X, = i(xn_ﬁi] : limx, =?
2 Xn_l n—o0
let
s= 57X Ly o x(1+3,)
X
x(1+6,) = = | x(145,,) + —2
2 X(1+6,4) X
a
1+6, = 1 1+6,, + ! _ 1 1+, , 14001 = 00y =
2 1+6,, 2 146,
2
= 1 2 + Ons
2 1+0,,
for
5n—1
=a > 06>0->0,>0-> —— <1
1+6,
N
one obtaines L
2
0, =—§nfl = lé‘ On1 < l5n-1

" 2(1+5,,) 2 " \l+6,, 2

1 ST
0, < 55”’1 — iteration is convergent

n

lims, =0— limx, - a

n—oo n—oo

In numerical calculations we deal with a number N. It describes a term that satisfy an
admissible error B requirement
where

g, <B for nx=N, where

X, — %4 |x(1+5n)—x(1+5n71)
X ‘ B ‘ Xx(1+6,)

n

§n — 5n—1
‘ 1+6,

gn:‘
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1.7. STABILITY

Solution is stable if it remains bounded despite truncation and round off errors.
Let

2

o 1. a 1 o
Xn = Xn (1+]/n) = E [Xn_l‘i‘ )N(_](1+7/n)_)5n ZE ﬁ(l—l—yn)—l—}/n
n-1

limo, =y,

nN—oo

— precision of the final result corresponds to the precision of

n

the last step of calculations i.e.
X — X(1+7n)

Example

Unstable calculations

(v) Time integration process

unstable solution obtained
fA /e by Euler method

\true solution y(x)

d
= =1f(xy)

>
X

(vi) Hl-conditioned simultaneous algebraic equations
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2.SOLUTION OF NON-LINEAR ALGEBRAIC EQUATIONS

2.1. INTRODUCTION
- source of algebraic equations
- multiple roots

- start from sketch
- iteration methods

equation to be solved y(x)=0 — x=...

\é@&,

y(x) A

2.2. THE METHOD OF SIMPLE ITERATIONS

2.2.1. Algorithm

Algorithm Example
Let
Xx=f(x) X, = % (X”_lerij
n-1
a=2, Xo=2

1 2) 3
X, = f(x) =§(2+§)=5=15ooo

1(3 2\ 17
X, = f(x,) x2=5(5+2-§j=1—=14167
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Geometrical interpretation

yA Jon YJL ‘|/Y|:x
() ' !
x1=f(xo) :
T L) . 5
IR =) a :
i T e
Xo ;(2;(4 ; ;5;3 ;(1 i( ;4 ’1(2 ;(_’1(1 ;3 ;5 X:
CONVERGENT DIVERGENT
y‘\ ylzx y‘\ y”_ f(X) y|=X
%= )
2 o X % oy
CONVERGENT DIVERGENT
Example :
X*—4x+23=0 — x=f(x)
Algorithm
(1) (ii)
(x*+2.3) 1
X = - X = (x21+2.3)— X=+4x-23 — X =.4x_,-2.3
4 n n-:
Let x,=0.6
1
X =(.6° +2.3)Z = .665 x, =0.316
1
X, = (.665° +2.3)Z —.686 X, =~/1.264—2.3

e ———— cannot be performed
X = (.696° +2.3)% = .696

X% _0.696—0.696 _

Solution converged within three digits : Xe 0.696
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2.2.2. Convergence theorems
Theorem 1
If

1f(%)-f(%)[<Lix-%| with 0<L<1
for x,, x, €[a, b];
then the equation x = f (x) has at most one root in [a, b].

Theorem 2

If f(x) satisfy conditions of Theorem 1 then the iterative method
X, = f(xn_l)

converges to the unique solution x [a, b]; of x=f(x) forany x, €[a, b];

Geometrical interpretation

A
y
2.2.3. Iterative solution criteria
Convergence
o, = %Xl g
Xn
Residuum
r :|f(xn—1)_xn—l — Xn_xn—l =5 <B
n n
ot || X

Notice : both criteria are the same for the simple iterations method

2007-11-05
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2.2.4. Acceleration of convergence by the relaxation technique

/

X$ - - = - = =

1
I
1
1
i

X" Xo =X Xo =X
SLOW PROCESS QUICK PROCESS
CONVERGENCE CONVERGENCE

x = f(x)

ax+x=ax+ f(x) > x=ﬁx+ﬁf(x)zg(x)

The best situation if g'(x) =0

a 1

1 - —f'
g(x) 1+a+1+a (X)
let
g'(x)=0—>a=-f'(x)
then
1 f(x)
X)= f(x)-— X
=) Y )
Example :
xX*=a>0 — x:% — f(x):% — f’(x):—x%:—l
then
g(X)I 1 E— -1 :1()(4_2)
1-(-1)x 1-(-1) 2 X
hence
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2.3. NEWTON — RAPHSON METHOD

2.3.1. Algorithm
F(x)=0
1d%F

h+=
2 dx?

F(x+h)=F(x)+d—F
dx

h*+..=F(X)+ F'(x)h+ R~ F(x)+ F'(x)h=0

X

F(x)+F'(x)h=0 — h=—T 1)

X

F'(x)
X
X = Xn—l+h =X~ ,( n_l)
(%0s)
Geometrical interpretation
A
F
X
-
X3 X2 Xy Xo X
2.3.2. Convergence criteria
Solution convergence
X —X
o, ="—"4<B
Xn
Residuum
r= F(x,) <B,, F(x,)=0
F(x%)
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Example

X*=2 - x*-2=0
F(x)=x"-2,
F'(x) = 2x

2_
x =2-2"2-3 _1,500000
2 2

9 _
12 i 1.416667
12

3
X2 =§—

x, =211 _1 414216
408

Convergence

52

3

2

(3) -2

22

=0.333333

=0.125000
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17 _3
, = [*—2|=0.058824
17
12
172 _ 9
r,= (1222) =0.003472
577 _ 17
3 = % =0.001733
408
() -2
3= 4082— =0.000003
2°-2
Convergence
g
(@]
°
= -3
o
S -4+
—
S . \.
-6
log1l0(no of iteration)
—e— solution convergence —=— residuum convergence
2.3.3. Relaxation approach to the Newton — Raphson method
F(x)=0
ax+F(x)=ax — x=x+£F(x) = g(x)

a

g0 =1+ F(x)

v\ _ _ 1
9'(x)=0 > a= (%)
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2.3.4. Modification for multiple routs

Let x =c be aroot of F(x) multiplicity.
Then one way introduce

Example

100 +

-100 +

-200 T

F(x)= x* -8.6x° - 35.51x° + 464.4x - 998.46 =0
F'(x)=4x> - 25.8x* - 71.02x + 464.4
F"(x) = 12x? - 51.6x -71.02

Let

X, =40

F(40) =-3.42;

F'(4.0)=23.52

F"(40)=-8542
F(4.0) -

u(4)= ( )= 342 =-0.145408
F'(4.0) 2352

U (4)=10- (4.0)- 7" (;1.0) =10-34208592) _ 4 471006
(F'(4.0)) (23.52)
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X, = X —Mzm—ﬂzmo&zg
LT y(4) T YT 471906
X, = 4.308129 — 00812 = 4.300001
X; =4.300000 conventional N — R method

X,y = 4.300000

2.4. THE SECANT METHOD

X1 — Xop
Fn—l - Fn—2

_ n-1
Xn - Xn—l - F/ ~ Xn—l - I:n—l
n-1

F

n-1
Xy =Xo1— F —F (Xn—l - Xn—z)
n-1 n-2

starting points should satisfy the inequality

F(x)F(x,) <0

Geometrical interpretation

F(x)
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Example
X'

Algorithm

xX*=2—>F(x)=x*-2=0
Let

X,=0— F(0)=-2
and

X,=2—>F(2)=4-2=2
then

X, =2— 2 (2-0)=1 — FO)=-1

2-(-2)
X, :1—_—1(1—2)=£:1.333333 — F 4 =—E:—0.222222
-1-2 3 3 9
_2
X, :i——g(ﬂ—l):gzl.SSSSSG — F(Ej:?’—:OAlQ?SB
3 —2-(-1\3 9 9 1
34
9 - —5) 9 3) 39
F (ﬁj = _ i =-0.011177
39 1521

X; =2 ~1.414214 — true solution
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Convergence

S,

i

:‘ﬂzl
2
-2

1-2|

5,=—~5|=1

5, =23
4 14

_|38 "%
05 =

1

B 0.500000
-2| 2

sq| 1

==—=0.250000
4

N Wl

= % =0.111111

|
N|©

u_4| 1
: 7= 0.142857

9
34
— |81

-2

i 0.209877
81

5 _14

A 0.103030
165

55
39

17
1521

-2

_ Y 5005588

3042

Convergence

-0,5 £ ; 8

log10(d), log10(r)
.!I_‘ 1
g P
e

log10(no of iteration)

—e— solution convergence —=— residuum convergence

2007-11-05
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2.5. REGULA FALSI

Let fix one starting point e.g. x = X, in the secant method.
Then x, ,,F, , inthe secant method are replaced by x,, F,.

F..
Xy = Xp1 ™ E _lF (Xn-l_XO) ) F(XO)F(X1)<0

n-1 0

Geometrical interpretation

A

F(x)

Example

X*=2->F(X)=x"-2=0

Let
X =2->F(2)=+2
and
x1=0—>F(0)=—2
then
-2
X3=1—_—1(1—2)=f:1.333333 _>F(fj:_3
-1-2 3 3 9
_2
X4Zﬁ——g(ﬂ—2)=1=1.400000—>F(Z):_i
3 —E—Z 3 5 5 25
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X, =~/2 ~~1.414214

2007-11-05

24

=—=1.411769
17

— true solution

Convergence
3, :‘%‘e not exist
-2
I’l :‘? :1
5Z:ﬁ:1 r2=_—1=£:0.500000
1 2| 2
4-1 1 —5_1
S, =2 == =0.250000 r,=—{=-=0.111111
$] 4 0
S5 t—3_1 0.047619 r, = o] 2 =0.020000
A T 12 100
24 _ 1 1 —525 1
|75/~ _ r. = = =0.003460
o z 120 0.008333 5 2 289
Convergence

@

log10(d), log10(r)

log10(no of iteration)

—e— solution convergence —=— residuum convergence

Remarks

The regula falsi algorithm is more stable but slower than the one corresponding to the

secant method.
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2.6. GENERAL REMARKS

Rough preliminary evaluation of zeros (roots) is suggested

Starting point
A converges to ...

Traps
F(X) A
| Newton Raphson
{ DIVERGENT
SN t to x2
|
[ L.
X1 Xo x'
Secant Method
t0 xs DIVERGENT
X
Regula Falsi
> CONVERGENT
X
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Rough evaluation of solution methods

REGULA FALSI — the slowest but the safest

SECANT METHOD — faster but less safe

NEWTON-RAPHSON - the fastest but evaluation of the function
derivative is necessary
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3.  VECTOR AND MATRIX NORM

Generalization of the modulus of a scalar function to a vector-valued function is called
a vector norm, to a matrix-valued function is called a matrix norm.

3.1.VECTOR NORM

Vector norm ||x| of the vector x e V
where:

V isa linear N-dimensional vector space,
a isascalar

satisfies the following conditions:

i |x|=o0 vxeV and |x|=0 if x=0
i) [ex|=|a|-[X| V scalars o« and VxeV
(iii) |+ y| < |x]+ vl vV x,yeV
Examples
@ [x],= {%JXJZT p=2 Euclidean norm
i=1
) ||x, = max|x| p=oo maximum norm

o |-

S S

Examples
x={2,3,-6}

1
| 1=(22+32 +62)5 =7
X[, =|-6|=6
X, =[2|+[3]+|-6]=11

U-ﬁ-o
= 8 N
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3.2.MATRIX NORM
Matrix norm of the (N x N') matrix A must satisfy the following conditions:
() ||A|| >0 and ||A|| =0 if A=0
(i) [eA||=|a|-|A] v scalar o
(iii) |A+B[<[A]+]8]
(iv) [AB]<[A[-|B]
where A and B have to be of the same dimension.

Examples

M=

Il
UN

N N 2% 1 N 2_%
1A= D D8l | or |A|= Wz a; | - average value

i=1 j=1 i=1 j

A, = m.aXZN:‘aij‘ or |A], =%maXZN:‘aij - maximum value
i i i =
Example
1 2 3
A=|4 5 6| —
7 89

1
A= i(12+22+32+42+52+62+72+82+92) ? 5627314
1 32
1+2+3 6
||A||2:1max 445+6 = “max{15 = 8
3 3
7+8+9 24
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4. SYSTEMS OF NONLINEAR EQUATIONS
Denotations
X:{X1’X21X31 ’XN}
F(x)z{Fl(x), ...... Fy (x)}
F (x) =0
Example
F(x) 4
X+y'=8 P
7%
x=2+/2 X
(2,-2)
F(xy) =y*-2x=0
F(xy) =x"+y*-8=0
4.1.THE METHOD OF SIMPLE ITERATIONS
Algorithm
xn:f(xn_l) fz{fl(x),..., fn(x)}, x={x1,...,xn}
Example
X = %yz Efl(x) X:{X’y}
_ i 2 _ 2
y =8-x =1f,(x) f(x)_{zy”g X}

= x =f(x)
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Convergence criterion

P L S R
x| |
Oua - admissible error
Theorem
Let R denote the region a <x, <bh, i=12,..,N in the Euclidean N-dimensional

space.

Let f satisfy the conditions
— fis defined and continuous on R

— o ()| sL<1

— Foreach xe®R, f(x) also liesin ®

Then for any x, in R the sequence of iterations x, =f(x, ) is convergent to the
unique solution x

[ of,  of, of, |
X, OX, OX,
Jacobian matrix J=
afN cee cee afN
K24 200
Example

f,(x)=y*-x [-1 2y }
- J=
fz(x):x2+y2+y-8 2x 2y+1

4.2.NEWTON — RAPHSON METHOD

F(x)=0
F(x+h)=F(x)+ ai,(x)h+%ﬁ;Fz(x)h2 ¥
X X
JF(x)

F(x+h)zF(x)+

ox
_ _ _ -1
Xn - Xn—l + hn—l - Xn—l Jn—an—l

X, = X2 _Jn—an—l - Jn—lxn = Jn—1Xn—l _Fn—l = bn—l
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Solution of simultaneous

linear algebraic equations
on each iteration step

Jn—lxn:bn—l - Xn

x=limx,

n—o

Relaxation factor ¢ may be also introduced

Jn—lxn = Jn—lxn—l —H Fn—l

Example
2=2x y>-2x =0 y* —2x F(x) X
, , N , > o - F(x): , ) of = E : x:{ }
x2+y?=8 x2+y?-8=0 x?+y?—8 , (%) y

LSRN
3o ox oy | |-2 2y
| oF, oF, | [2x 2y

oXx oy
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Algorithm
Pyl R P ARV A
2x 2y lyf, Tl 2y] L ly), f e yi-s
Let u=1
0 0
X, = =
° 22| |2.8284
-2 5.65685(x | [-2 5.65685]|(0 8
0 5.65685||y,| |0 5.65685||2.8284| |0

~ [4.0000
%= 12.8284

(after the first step of iteration)

Error estimation

. e solut oxd
Estimated relative solution error ¢, =*———

.|

_ ”"1 _Xon
I

X, - X, = {4.0000 —0.0000, 2.8284 — 2.8284}
— {4.0000 , 0.0000}

2

Euclidean norm
[%(4.00002 +o.00002)]% 2.8284

. _ - —0.8165
[5(4.0000% +2.82847) | 34641
Maximum norm
o _Sup{4.0000, 0.0000} 40000,

' sup{4.0000,2.8284}  4.0000

Relative residual error r = ”F"”

"

_IE]

" IR

i %
Euclidean norm  ||F||. = {%z F (X)Z}
-1
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F, = {8.0000 , 0.0000}
F, = {0.0000, 16.0000}

[ = {%[Fl(xo)2 +F, (xo)z}}% = {3[ 0.0000” +8.ooooz]}% =5.6568

|E.]. ={2[0.0000 +16.0000° ]} * =11.3137

e 113137

[F = = 2.0000
5.6568

Maximum norm ||, =sup|F|
i

|IF,],, =sup(8.0000 , 0.0000)=8.0000
|||, =sup(0.0000, 16.0000) =16.0000

- _16.0000

M =2.0000
8.0000

Brake-off test
Assume admissible errors for convergence B. and residuum By ; check

SE =0.81649658 > B. =10°°
SM =1.00000000 > B, =10°°
i = 2.00000000 > B, =10
i = 2.00000000 > B, =107

Second step of iteration

-2.0000 5.6568 ||Xx,| |-2.0000 5.6568|4.0000| |0.0000
8.0000 5.6568 ||y, | 8.0000 5.6568 ||2.8284 |16.0000

2.4000
X2 =
2.2627
Error estimation
(after the second step of iteration)
Estimated relative solution error

_ ”Xz - x1||

%

x|

X, —X, = {2.4000—4.0000 , 2.2627—2.8284} = {—1.6000 : —0.5657}
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Euclidean norm

| 4(2.6000° +o.56572)]% _1.2000

= = 05145
[%(2.40002+2.26272)]% 2.3324

Maximum norm
S sup{1.6000 , 0.5657} ~1.6000

M= = = 0.6667
sup{2.4000 , 2.2627}  2.4000

Relative residual error

_IE|
|Fo|

i %
Euclidean norm  ||F||. = {%z F (X)Z}
i1

r,

F, = {0.3200 , 2.8800}
I, . = {%[Fl(xo)z +F, (%, )z]}% - {%[02 +(2v2 )Z}}y ~5.6568

|F; |, = {[0.3200 + 2.8800° ]} = 2.0490

(£ _ 2.0490
’  5.6568

=0.3622

Maximum norm  |[F|, =sup|F|
i

|IF,],, =sup(8.0000, 0.0000) =8.0000
I, |,, =sup(0.3200 , 2.8800) = 2.8800

v 2.8800

i = =0.3600
8.0000

Brake-off test

5y =0.51449576 > B, =10"°
5y =0.66666667 > B, =10"°
ry =0.36221541 > B, =10
r," =0.36000000 > B, =10

2007-11-05
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Third step of iteration
-2 45255 |[X;| | -2 4.5255|(2.4000| [0.3200| [5.1200
4.8 45255y, | 4.8 4.5255||2.2627| |2.8800/ |18.8800
2.0235
Xy =
{2.0257}

(after five steps of iteration)

Error estimation

Estimated relative solution error

[xs =%,
_ 133 2
0; =

[

X; —X, ={2.0235-2.4000 , 2.0257 - 2.2627}

{-0.3765, -0.2371}

Euclidean norm
[%(0.37652 +o.23712)]% ~0.3146

[5(2:0235° + 2.02572)]% - 2.0259

=0.1554

Maximum norm
M sup{0.3765 , 0.2371} ~0.3765

M = =0.1859
sup{2.0235, 2.0257}  2.0257

Relative residual error

.|

i %
Euclidean norm  ||F||. = {%z F (X)Z}
-1

F, = {+0.0562 , 0.1979)}
% %
[l = {4] R (xo)" + Fa(x,)" ]| = {4 0.0000° + (8.0000)" || " ~ 5.6568

|, |, = {#[0.0562° +o.19792]}% = 0.1455

e 01455 0.0257

=
5.6568
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Maximum norm ||, =sup|F|
||, =sup(8.0000, 0.0000) =8.0000

|IF,|,, =sup(0.0562 , 0.1979) =0.1979

o _ 0.1979

| =0.0247
8.0

Brake-off test

oy =0.15538736 > B, =10"°
5 =0.18585147 > B, =10"°
r,” =0.02572098 > B, =10"°
r,' =0.02474265 > B, =10

Fourth step of iteration
-2 40513||x,| | -2  4.0513|/2.0235| [0.0562| | 4.1033
4.0471 4.0513||y,| |4.0471 4.0513||2.0257 |0.1979] |16.1979
2.0001
X, =
2.0002

(after four steps of iteration)

Error estimation

Estimated solution error
5, = x4 —x
x|

X, —X, ={2.0001-2.0235, 2.0002 — 2.0257} = {—0.0236 , —0.0254}

Euclidean norm
i [5(0.0234° +o.02542)}% 00247 _ o
" [4(20002° +2.0002?) " 2:0002

Maximum norm
Mo sup{0.0234 , 0.0254} ~0.0254

M= = =0.0127
sup{2.0001, 2.0002} ~ 2.0002
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Relative residual error

|F.|
Ir, =
LR

i %
Euclidean norm  ||F||. = {%z F (X)Z}
-1

F, = {+0.0007, 0.0012}
% %
[l = {4] R (xo)" + Fa(x,)" ]| = {4 0.0000" + (8.0000)" || ~ 5.6568

.|| ={3[0.0007° +o.00122]}% =0.0010

(e _ 0.0010

£ = =0.0002
5.6568

Maximum norm |||, =sup|F|
|[F,|,, =sup(8.0000 , 0.0000) =8.0000

|[F,],, =sup(0.0007 , 0.0012)=0.0012

(M= 0'0512 =0.0002

Brake-off test

5¢ =0.01223018 > B, =107
5, =0.01272134 > B, =10"°
r, =0.00017009 > B, =10"°

rM =0.0001460 > B,=10"
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Aitken acceleration process

2007-11-05

Error
A X=X
\\\ n-1 ////I\\\‘\\ n+1 -1
< = —
n-2 \\\ //// n \\'l” Number
N g of iterations
X=X, = an(x— xn_l)
ASSUME ¢a,=a constant
then
X—Xn=05(X—Xn 1) N _Xn — ~ M N X = Xn—zxn_X:—l
X=X, ;= a(x—xn 2) ~na -2 Xn = 2X,4 + X5
Example
W _ o)iZDX?LD X, _ 2.400x2.0001-2.0235 _, oo
X0 —2x, +%, 2.0001-2x2.0235+2.400
oD ;2 _ 2
e ng Yo'’ —y; __2.2627x2.0002-2.0257° _ oo,

Y,
Hence continuing N — R iteration

-2

2.0000
Xs =
2.0000

-2 3.9943 % | 3.9943
3.9971 3.9943 ||y 13.9971 3.9943

1.9985
1.9972

—2y,+y, 2.0002-2x2.0257+2.2627

I

-0.0085) [ 3.9886
-0.0173[ ]15.9828
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Error estimation
(after five steps of iteration)

Estimated solution error
5, = s — x|
x|

X; —X, ={2.0000-1.9985 , 2.0000-1.9972}={0.0015 , 0.0028}

Euclidean norm
[ 3(0.0015° +o.00282)]% 00023 o

[4(2.0000 +2.0000%) ] *  2:0000

58 =

Maximum norm
v _sup{0.0015,0.0028} _0.0028 _, ..,

® ~ sup{2.0000, 2.0000}  2.0000

Relative residual error

.|

n %
Euclidean norm  ||F||. = {%Z F, (x)z}
i1
F, = {0.00001, 0.00001}
IR, = {%[Fl(xo)z IF, (XO)ZJ}% - {%[o.oooo2 +(8.oooo)2}}% —5.6568

||, ={3[ 0.00002° +o.oooof]}% =0.00001

= 0.00001 0.000002
5.6568

Maximum norm ||, =sup|F|
|[F,]|,, =sup(8.0000 , 0.0000) =8.0000
|IF;,, =sup(0.00001, 0.00001) = 0.00001

= 0.00001 0.000002
8.0000
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Brake-off test
o =0.00113413

o =0.00142690
e =0.00000164
r" =0.00000129

SOLUTION SUMMARY

Standard case — no acceleration

V v VvV V

B, =10"°
B, =10"°
B, =10
B, =10"

2007-11-05

Iteration
Number

solution

Relative solution error

Relative residual error

X

y

Euclidean
norm &%

Maximum
norm ™

Euclidean
norm r°

Maximum
norm r™

4.0000000000

2.8284271247

0.8164965809

1.0000000000

2.0000000000

2.0000000000

2.4000000000

2.2627416998

0.5144957554

0.6666666667

0.3622154055

0.3600000000

2.0235294118

2.0256529555

0.1553873552

0.1858514743

0.0257209770

0.0247426471

2.0000915541

2.0002076324

0.0122301810

0.0127213409

0.0001700889

0.0001495997

2.0000000014

2.0000000115

0.0000802250

0.0001038105

0.0000000084

0.0000000064

QNN [B (RN =

2.0000000000

2.0000000000

0.0000000041

0.0000000057

0.0000000000

0.0000000000

Aitken Acceleration included from the fourth iteration

Iteration
Number

solution

Relative solution error

Relative residual error

X

y

Euclidean
norm &%

Maximum
norm ™

Euclidean
norm r°

Maximum
norm r"

4.0000000000

2.8284271247

0.8164965809

1.0000000000

2.0000000000

2.0000000000

2.4000000000

2.2627416998

0.5144957554

0.6666666667

0.3622154055

0.3600000000

2.0235294118

2.0256529555

0.1553873552

0.1858514743

0.0257209770

0.0247426471

1.9985355138

1.9971484092

0.0134178544

0.0142627172

0.0024025701

0.0021567540

2.0000003576

2.0000022149

0.0011341275

0.0014269013

0.0000016404

0.0000012862

2.0000000000

2.0000000000

0.0000007932

0.0000011074

0.0000000000

0.0000000000

NN (N[N -

2.0000000000

2.0000000000

0.0000000000

0.0000000000

0.0000000000

0.0000000000
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Magnitude of error

2
1.8
1.6
14
1.2

0.8
0.6
0.4
0.2

Relative error estimation

—=— Residual Error - Maximum Norm

\ —=e— Residual Error - Euclidean Norm

—&— Estimated Solution Error - Maximum Norm

\ —— Estimated Solution Error - Euclidean Norm

B

Number of iterations

Logarithm of error's magnitude

Logarithm of relative error's estimation

—— Residual Error - Maximum Norm b
—=e— Residual Error - Euclidean Norm
—#&— Estimated Solution Error - Maximum Norm \

—— Estimated Solution Error - Euclidean Norm
\ \
| | |

0.2 0.4 0.6 0.8
Logarithm of iteration's number

The same in the log-log scale
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5. SOLUTION OF SIMULTANEOUS LINEAR ALGEBRAIC EQUATIONS

(SLAE)
5.1. INTRODUCTION
- Sourcesof S.L.A.E.
- Features
AXx=Db
nxn nx1 nx1
AT=A N symmetric
X AX >0 v XeR, positive definite (energy >0)
mostly A : 3 banded (or sparse) Lﬁ
o
n>>1
Solution methods
= elimination:  Gauss — Jordan (det A=0-non singular)
Cholesky (AT =A, X Ax>0, as above)
= iterative : Jacobi
Gauss — Seidel
= combined (iteration and elimination)
=special methods: frontal solution
methods for sparse matrices

5.2.  GAUSSIAN ELIMINATION

Example

6 2 2 4](x 1
102 2 Bi{x| |1
11 4|lx| |2
0 2 3|[x 1

=<
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General algorithm
=b & Zauxj_b i=1,2,..,n
where
j
a; ap &,
_ ay ay ),
A= [a]=
8 i
_a'nl a, - ann_
steps forward (without pivoting) (1)
_ A 0 — 0 —
af) = al Y _malk? where M = al a; =a;, b’'=h
b = p* —m, bk k=1,2,..,n-1; j=k+1..n; i=k+1..n
Il steps back
|:b(n—l) Z a(n—l)X } =) i=n-1..21
j=i+l ||

Number of operations:

1 3 2

EN +N?+0(N)
N*+0(N?)

Multiple right hand side

- for Gauss procedure (not bounded)

- for Cramer’s formulas

[Aibb. ] — [1ixX]
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5.3.  MATRIX FACTORIZATION LU

Simultaneous equations in matrix notation:

Ax=b, det A=0

Matrix factorization
A=LU

L — lower triangle matrix
U — upper triangle matrix

Given

LUx=Db N Ly=b —>Yy
y Ux=y S X

Gauss elimination method
l. Obtain Ly=b — y=L"

. Solve Ux=y — x=U"y

step foreward
step back

2007-12-13
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5.4, CHOLESKI ELIMINATION METHOD

Assumptions

AT=A symetric matrix
X'AXx>0 — detA#0 nonsingular and positive definite matrix
a; =0 for |i—j|>m, m<n banded matrix

Definition

A matrix is said to be strictly diagonally dominant if
| > Y Jayl. i=1,2,..,n
j=t
J#i

Theorem

If a real matrix A is symmetric, strictly diagonally dominant, and has positive
diagonally elements, then A is positive definite.

Matrix factorization

A=LL", uU=L'

A L L

Ly =b — y stepforeward
AXx = b - .
L'x =y — x step back

Remark

here U=L'

Solution algorithm
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Initial step: Choleski factorization of matrix
I =.]a; =D 15 diagonal elements

j-1 1
Iij:(aij—kz;likljkjr off diagonal elements

1}
where j=12,...,n , i=j+1..,n
| step foreword

i-1
Y, :{bi—ZIijyj}Il i=1,2,..,n
=1 ii
Il step back — similar as in the Gauss-Jordan algorithm

v :I:yi -y Ijixj}% i=n,..21

j=i+l
Example
Cholesky factorization of the given matrix

a; a, a; 4 -2 0 I
A=la, a, ay,|=/-2 5 -2|=|l, I, 0 0 1,
I

2007-12-13

ay Qp 4y 0 -2 5 31 |32 I33 0 |33
Column 1:
2 _ _ — _
In_au - |11_\/a11 - |11_\/Z_2
a -2
|11|21 =a, — |21 =2 - |21 =—=-1
1, 2
a 0
|11|31 =a; — I31 == - I31 =—=0
I, 2
Column 2:
2 2 — 2 _ 2 _
|21 +|22 =a, - Izz =Nay - |21 - |22 5 '('1) =2
_ _ 1 _ 1_
|31|21 +|32|22 =a; — |32 - (asz - |31|21)|_ - |32 - I:'Z -OX(-l)]E— -1
22
Column 3:
2 2 2 _ 2 g2 — 2 2 _
|31+|32+|33:a33 - |33_\/a33'|31'|32 - |33_ 5-0 '('1) =2
Final result:

4 -2 0 2 0 0 2 -1 0
A=|-2 5 -2|=/-1 2 0 0 2 -1
0 -2 5 0 -1 2 0 0 2
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5.5. ITERATIVE METHODS

Example
— —_ 1 1 5
20X, +2X, - X, =25 X, = i X, togXy t+37
— — 2 2 30
2%, +13X,-2%,=30 | = X, = -35X +5 X 3
X, + X, +X =2 X, = =X -X, +2

The method of simple iterations may be applied, using one of the following algorithms:

JACOBI ITERATION SCHEME GAUSS - SEIDEL ITERATION SCHEME
Xl(n) - B % Xz(n_l) + 2_10 Xs(n_l) +3 Xl(n) - B % Xz(n_l) + 2_10 Xs(n_l) +3
Xz(n) =-3 Xl(n'l) +% Xg(n_l) +3 Xz(n) =-% Xl(n) +45 Xa(n_l) +3
X0 =-x  x,0 +2 X, = -x,® - %, +2
Let x:%=x."=x:"=0

x = -L4.0+4-0+2 =1.250000
x,"=-2.0 +2.0+2=2307692
x"=-0 -0 +2 =2.000000

x,® = -+.0  +4.0+2 =1.250000

x, " = -2.1.250000 +%-0+32=2.115385

x, = -1.250000 -2.115385 +2 = -1.365385

x,® = -1.2.307692+-% -2.000000+ % = 1.119231
x,%) = -Z.1.250000 +Z£.2.000000+22 = 2.423077
x,® =-1.250000 -2.307692 +2 =-1.557692
x? = -+.2.115385 —-1-1.365385+2 =0.970192
x,®=-2.0.970192 —2.1.365385+30=1.948373
x,?=-0.970192  -1.948373 +2 =-0.918565
JACOBI GAUSS - SEIDEL
n Xl(n) Xz(n) Xs(n) Xl(n) Xz(n) X3(n)
3 | 0929808  1.895858  -1.542308 | 1.009234  2.011108 -1.020342
4 | 0983299 1927367 -0.825666 | 0.997872  1.997198  -0.995070
5 | 1.015980  2.029390  -0.910666 | 1.000527  2.000677  -1.001204
10 | 0.999906  2.000106  -1.002296 | 0.999999  1.999999  -0.999999
11 | 0.999875  1.999661  -1.000013 | 1.000000  2.000000  -1.000000
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General algorithm

Matrix notation

Matrix decomposition

]
F
+

A = L + D + U

Iteration algorithms

Jacobi Gauss - Seidel
xW=-DY(L+0)x"Y+ Db x"=-(L+D)*0Ox" +(L+D)"b

Remark : Inversion of the whole matrix
(L+D) is not required

Index notation
A={a;}, b={b} x={x}; ij=12,...,n

Simultaneous algebraic equations to be analyzed

Iteration algorithms

Jacobi Gauss — Seidel
o 1] 2 (n-1) o 1] & O (n-1)
n n
x"=—[-> ax, +b X" =— —Zaijxj —Zaijxj +b,
| = i | = j=itl
j#i
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Theorem

When A is a positive definite matrix the Jacobi and Gauss — Seidel methods are
convergent. (It is a sufficient but not necessary condition)

Relaxation technique

-1 o -1 -1 o
Xi(n) — Xi(n )+ﬂ |:X|(n) _Xi(n )]:(1_/l )Xi(n )+,le|(n)

/7

%" - Direct Gauss — Seidel result, n-th iteration
x(™ relaxed solution, n-th iteration
u>0 - relaxation parameter

Variable relaxation parameter ,u(“‘l)

Residuum

PO — g _y D AFOD — p) _ 01
let

r™M — gD ﬂ(n,l) (f(n) _f(n—l)): PO 4 0D APCD
and

| = (r<“> )‘ r (r(n—l) )‘ P o0 (r(n—n )‘ AR

hence using the condition

min | a% = 2P ) AP 4 2( AR ) AR 4 2409 (AFTY Y (AP0D) =0

uy du
find the optimal relaxation coefficient
oy ( AFOD )‘ p(n-D) ) ( Af(n—l))t P
O T AR (aR) (AR ()

hence
Xi(n) — 5*(i(n—1) +’u(n—l) f(n—l)

Example continuation : Relaxation (using Gauss — Seidel)

Let x«=0.8=const
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x? =1.250000 +0.8-(0.970192 -1.250000)= 1.026154
x? =2.115385 +0.8-(1.948373 -2.115385)= 1.981775 =
x? = -1.365385+0.8 -(-0.918565 - 1.365385) = -1.007929

Further iterations

Gauss — Seidel followed by
relaxation

GS. (3)

1.001426

1.998561

-0.999987

=

RELAX  (3)

1.006372
1.995204
-1.001575

G.S.

RELAX  (4)

1.000401 1.001595
=4 1.999695 ; = 4 1.998798
-1.000097 -1.000393

Example continuation : Relaxation (using Gauss — Seidel)

2007-12-13

Gauss — Seidel iteration Relaxation | Gauss — Seidel iteration | Relaxation
1 2 3 ®) 4 5 )

X, | 1.250000 | 0.970192 | 1.009234 | 1.002145| 0.999935| 1.000045 | 1.000032

X, | 2.115385| 1.948373 | 2.011108 | 1.999716 | 1.999724 | 2.000046 | 2.000007

X; | -1.365385 | -0.918565 | -1.020342 | -1.001861 | -0.999659 | -1.000090 | -1.000038
r -0.279808 | 0.039042 -0.002210 | 0.000109
r -0.167012 | 0.062735 0.000008 | 0.000322
rs 0.446820 | -0.101777 0.002202 | -0.000431
Al 0.318850 0.002319
A2 0.229747 0.000314
Ars -0.548597 -0.002633
H 0.818412 0.879922

Error estimation

after the first step of iteration

Estimated relative solution error

_ [, =X

[
X, =X, = {1.250000 —0.0000, 2.115385-0.000000,-1.365385— 0}
— {1.250000 ,2.115385, ~1.365385)

2
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Euclidean norm
%
. [%(1.2500002 +2.115385% + (—1.365385)2)] 1622922

L= 7= =1.000000
[ 4(1.250000” +2.115385” + (-1.365385)° ) | 1:622922
Maximum norm
w _ Sup{1.250000,2.115385,]-1.365385|} 2115385 1000000

' sup{1.250000 ,2.115385,-1.365385|}  2.115385

Relative residual error  r, = ”

|F.]

r=q—r

IRl
i Y
Euclidean norm  ||F|_ = {%Z F (X)z}
-1
F = {-5.596155 , -2.730775,0.000000}
[Fol = {3 (%) + Fa ()" + (xo)z}}% ~ {425 +30° + 2]} = 22.575798

IR, = {%[(-5.596155)2 +(-2.730775)° +(o.000000)2]}% =3.595093

¢ 3595003

I =————=0.159245
22.575798

Maximum norm  |[F|,, =sup|F|

I, =sup(25,30,2)=30
|F.],, =sup(|-5.596155| , |-2.730775/,0.000000) = 5.596155

Mo_ 5.596155 _ 0186539

rl
Brake-off test
Assume admissible errors for convergence B, and residuum By ; check

SE =1.000000 > B. =10"°
SM =1.000000 > B. =10°°
F=0159245 > B, =10
M =0.186539 > B, =10
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after second step of iteration

Estimated relative solution error

5, _bxl
]

X, —X, ={0.970192-1.250000,1.948373—2.115385,-0.918565 + 1.365385}
= {—0.279808 ,—0.167012,0.446820}

Euclidean norm

%
1((~0.279809)% +0.1670122 + 0.446820>

SE = [3( )]y _ 0.319288 _ 0234088
[5(0.9701922 +1.9483737 +(~0.918565)° )] » 1.363934

Maximum norm

o sup{|-0.279808] ,|-0.167012|,0.446820] _ 0.446820 _ 0229330
sup{0.970192 ,1.948373,|-0.918565|}  1.948373

Relative residual error

Euclidean norm
F, = {0.780849 , 0.893637,0.000000}

IFoll = {%[Fl(xo)z +F, (%) + Fs(xo)z}} = {4 25" +30° +22]} = 22.575798

IF.] = {3] (0.780849)’ (0.893637)2+(o.oooooo)2]}2:0.685155

(E_ 0.685155

F =200 (030349
22575798

Maximum norm

IR, [, =sup(25,30,2) =30
IF,,, =sup(0.780849 , 0.893637,0.000000) = 0.893637

r = 0'82:;637 =0.029788
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Brake-off test

Assume admissible errors for convergence B, and residuum By ; check

5y =0.234088 > B, =10"°
5, =0.229330 > B, =10°
ry =0.030349 > B, =10
r," =0.029788 > B, =10"

after third step of iteration

Estimated relative solution error

5, = =
[
Xz —X, = {1.009234 —0.970192,2.011108—-1.948373,-1.020342 + 0.918565}
= {0.039042 ,0.062735, —0.101777}
Euclidean norm

Y
1(0.039042 +0.062735% + (~0.101777)’
K )" 0072614 0050505

SE = _
[%(1.0092342 +2.0111082 + (—1.020342)2)]% 1.426442

Maximum norm
w  sup{0.039042,0.062735,-0.101777|}  0.101777

3 = = = 0.050608
sup{1.009234 ,2.011108,]-1.020342|}  2.011108

Relative residual error

|F:|

=

[

Euclidean norm
F, = {-0.227238 ,—0.203556,0.000000}

IFolle = {%[Fl (%) +F, (%) +F, (xoﬂ}% ={4[ 25" +30° + 22]}% = 22.575798

Z
IR = {g[(-o.227247)2 +(-0.203554)° +o.0000001} =0.176140

e 0.176140

[f=——"—""_ _0.007802
22575798
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Maximum norm

I, =sup(25,30,2)=30
|F.]l, =sup(|-0.227238] , |-0.203556|,0.000000) = 0.227238

r3M = —0'227238 =0.007575
30
Brake-off test

Assume admissible errors for convergence B, and residuum By ; check

oy =0.050906 > B, =10"°
5" =0.050608 > B, =10"°
r, =0.007802 > B, =10"°
r,' =0.007575 > B, =10

after third step of iteration and relaxation
Estimated relative solution error

=

[xa
Xy —X, = {1.002145— 0.970192,1.999716-1.948373, —1.001861+ 0.918565}
= {0.031953, 0.051343, - 0.083296}

5, =

Euclidean norm

[5(0.031953 +0.051343" + (—0.083296)2)]% 0059429

3 = = =0.041998
[%(1.0021452 +1.9997162 + (~1.001861) )] * 1415025
Maximum norm
sup{0.031953 ,0.051343,|-0.083296|} 0.
w _ sup | | 0083206 .,

¥ sup{1.002145,1.999716,]-1.001861}  1.999716

Relative residual error

Euclidean norm



Chapter 5—15/29 2007-12-13

F, ={0.044190, 0.004317, 0.000000}
[Fol = {3 (%) + Fa (%) + (xo)z}}% = {425 +30° + 2]} = 22.575798

|F . = {3[0.044190° +0.004317° +o.ooooooz]}% = 0.025635

(E_ 0.025635

F= 2% 0001135
22575798

Maximum norm

[Foll,, =sup(25,30,2) =30
|IF; [, =sup(0.044190 , 0.004317,0.000000) = 0.044190
(m _ 0.044190

3

=0.001473

Brake-off test

Assume admissible errors for convergence B, and residuum By ; check

SE =0.041998 > B. =10
SM =0.041654 > B. =10°°
rf =0.001135 > B, =10
r =0.001473 > B, =10

after fourth step of iteration

Estimated relative solution error

X =%

[
X, — X, ={0.999935-1.002145, 1.999724—1.999716, —0.9996590+1.001861}

={-0.002210, 0.000008, 0.002202}

5, =

Euclidean norm

. [4((-0.002210)° +0.000008" + 0.002202)° )T 0.001801
4 = =
[ 5(0.999935” +1.999724° + (~0.999659)° )T 1.413988

Maximum norm

=0.001274
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s sup {|-0.002210},0.000008, 0.002202}  0.002210

M= = =0.001105
sup{0.999935 , 1.999724,[-0.999659]}  1.999724

Relative residual error

|F.|

r,=i—

[F

Euclidean norm
F, = {-0.002186, —0.004403, 0.000000}

[Fole = {3 F (%) + Fa (%) + (xo)z}}% —(1[25° +30° +2°])* = 22.575798

IR = {%[(-0.002186)2 +(-0.004403)" + o.ooooooz]}% =0.002838

e 0.002838

r,Mf =—m8M8M—
‘22575798
Maximum norm

=0.000126

IF,,, =sup(25,30,2)=30

IF,|l,, =sup(]-0.002193| , |-0.004400],0.000000) = 0.004400

' = 0'023)403 =0.000147

Brake-off test

Assume admissible errors for convergence B, and residuum By ; check

5y =0.001274 > B, =10"°
5, =0.001105 > B, =10"°
r; =0.000126 > B, =10
r, =0.000147 > B, =10"°

after the fifth step of iteration
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Estimated relative solution error

5 = s =%,

s
X =X, = {1.000045 —0.999935, 2.000046 —1.999724, —1.000090 + 0.999659}
{0.000109, 0.000322, ~0.000431}

Euclidean norm

[ 5(0.000109” +0.000322° + (—0.000431)2)}% ©0.000317

5 = = = 0.000224
[%(1.0000452 +2.0000467 + (—1.000090)2)] 1.414267
Maximum norm
S sup {[0.000109| ,|0.000322],|-0.000431}  0.000431 0000215

®  sup{1.000045 ,2.000046,]-1.000090|}  2.000046

Relative residual error

|l
. =
"R

Euclidean norm
F = {0.001075, 0.000862, 0.000000}
[Fol = {3 Fi (%) + Fa (%) + (xo)z}}% = (425 +30° + 2]} = 22.575798

|l ={3[0.001075° +0.000862° +o.ooooooz]}% = 0.000796

- _ 0.000796

5 22575798
Maximum norm

=0.000035

IF,],, =sup(25,30,2)=30
IK;[,, =sup(0.001075 , 0.000862,0.000002) = 0.001075

R = O'OZEOB =0.000036

Brake-off test
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Assume admissible errors for convergence B, and residuum By ; check

SE =0.000224 > B. =10°°
SM =0.000215 > B. =10°°
rF =0.000035 > B, =10
r =0.000036 > B, =10

after fifth step of iteration and relaxation

Estimated relative solution error
S = [%s = x|
5

|l
X, —X, = {1.000032 - 0.999935, 2.000007 —1.999724, —1.000038 + 0.999659}

= {0.000097, 0.000283, —0.000379}

Euclidean norm

[ 5(0.000097% +0.00028” + (—0.000379)2)}% 0000279

= = 0.000197
[%(1.0000322 +2.0000072 + (~1.0000038)> )} * 1414233

Maximum norm

v _ Sup{0.000097,0.000283,|-0.000379]} 0.000379
*  sup{1.000032 ,2.000007,|-1.000038]} ~ 2.000007

=0.000190

Relative residual error

||
[l

I =

Euclidean norm

F,. = {0.000683, 0.000230, 0.000000}
% 2
Rl = {5 R(x)" + Fa()" + Fa )" |} = 3 257 +30% + 2]\ = 225575798

IFs | = {%[0.0006832 +0.000230 +0.0000002]}% =0.000416

¢ 0.000416

I, = —————=0.000018
22.575798
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Maximum norm

[Foll,, =sup(25,30,2) =30
.|, =sup(0.00683 , 0.000230,0.000000) = 0.000683

M 0.000683

A =0.000023
30

Brake-off test

Assume admissible errors for convergence B, and residuum By ; check

SE =0.000197 > B. =10
SM =0000190 > B, =10°°
rF =0.000018 > B, =10
M =0.000023 > B, =10

Relative error estimation

Logarithm of error's
maghnitude
@

Logarithm of iteration's number

—o— Solution Convergence - Maximum Norm
—e— Solution Convergence - Euclidean Norm
—a— Residual Error - Maximum Norm

—— Residual Error - Euclidean Norm
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5.6. MATRIX FACTORIZATION LU BY THE GAUSSIAN ELIMINATION

A=LU

The LU factorization of matrix A may be done by the Gaussian elimination approach. The
main difference between the Gauss procedures of the solution of the SLAE and matrix
factorization LU is that in the last case we have to store the multipliers {mj;}. Application:

— solution of problems with multiple right hand side

— matrix inversion

Example
11 2 4
2 -1 3 1
31 -1 2
1 -1 -1 -1
11 2 4 1 1 2 -4
mrh(2)8 1 9| 2)3 1 9
Mup(3)-2 -7 14 Q -19/3 8
Mip(1)-2 -3 5 A/ -7/3 1
M3
Ma2
Then
1 1 2 4 1 0 0 O 11 2 -4
2 13 1| 2 1 0 O 0 -3 -1 9
31 1 2| 132% 1 0of |00 19 38
1 -1 -1 1 2/ 7 -75
L% Mo 1 [0 0 0 TH)
A = L U
Generally
a, a, .. a, 1 0 .0 U, U, ... U,
B 8y e By || My 1 .. 0 0 u, .. U,
a, a, .. a, m, m, 1 0 O Uy,
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5.7. MATRIX INVERSION

5.7.1. Inversion of squared matrix using Gaussian Elimination
[Af1] > [1:AY]

Example
2 11
A=[1 2 1|>
11 2
2 11:100| |2 1 1 : 1 00
>/121:010|>0 % 123-%10—>
112:00 1] |0 ¥ 3o
201 1 : 1 o0 o]l |21 1: 1 0o o
>0 3% ViYW o1 o»j0 3% YY1 0|5
:o 0 % -%-%1: 00 1 3-%-%%
2 1 1: 1 0 0 2 1.0 % ¥ .y
>0 3 0 -3 T4 0|0 3 0 -3 9 -3
0 0 12-%-%%_ 0 0 15-%-%%
2105% %-% 2002%-%-%
RIS 7 7 7 B [ B A /A 7 A
00 1:-3 -3 30 joo1:i-lp -1 3
100 3 Y-l
>0 10 - 3 -1
001 -y - 3
Algorithm
AC=I : A = [aj] ,  C=[ci], where Co=1
l. Step forward
0 (k-1) (k-) 3, .
a; =g -mya, 7, mik_akk(k‘l) k=1,2,..,n1; i,j=k+1,..,n;
;" =¢;,“" —mc,, " ji=1,2,..,n;
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I. Step back

a, V=1, a =0, k=n,n1,..,2; i=k1l k2 .., 1;
§ 1

¢ Y _ij<k) Mic

j o akk(k) /

(k-1) _ ~ (k) (k) - .
G =G —Cy 1=12,..,n

5.7.2. Inversion of the lower triangular matrix

Example
100 , | Cu 0 O
L=|2 4 0|, C=]|¢c, ¢, O0|=L" , LC=I
3 56 Cy Cyp  Cg
10 0f|c,; O O 100
2 4 0| |c, ¢, O0|=(0 10
3 5 6| |Cy Cp Cy 0 01
c,x1 + ¢, x0 + ¢;x0 =1 > ¢, = 1
;X2 + cyx4 + ¢,;x0 = 0 —» ¢, = _%
1
;X3 + Cuyx5 + ¢cyx6 = 0 —» ¢, = T 1 0 0
c=|-1 i 0
0x2 + c,x4 + C,x0 = 1 —> ¢, = % A A
-1 .5 1
; No o Y
0x3 + Cu%x5 + ¢,x6 = 0 > ¢, = -—
24
0x3 + O0x5 + Cux6 = 1 — ¢ = %
Algorithm
1
Gi=1 i=1,2,..,n

1i—l
G 2NO | j2120ih k= jtLei-l




Chapter 5—23/29 2007-12-13

5.8.  OVERDETERMINED SIMULTANEOUS LINEAR EQUATIONS

X+y=2
X—y=0
X—2y=-2
X
THE LEAST SQUARES METHOD
Use of the Euclidean error norm
Let B:(x+y—2)2+(x—y)2+(x—2y+2)2
0B
5=2(x+y-2)+2(x-y)+2(x-2y+2):0 - 3x-2y=0
2—3:2(x+y-2)—2(x-y)—2'2(x-2y+2)=0—> -2X+6y=6

2 2 2
6 _9 ()Y L(23),(2) .2
solution x—/, y—ﬁ - B-(J +( 7] +(7 s

General approach

Index notation

D ayx =b, i=12,--.n; j=12,--m m<n
j=1
where m — number of unknows

n — number of equations

In the above example m=2, n=3.

2
B:Z[ aijxj—bij
=1\ j=1
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JB _ N n
é’Xk z Ik(zauj iJ O_)zalkzaljj ;aikbﬂ k=1, .., m

Matrix notation

A x=b — B=(Ax-b) (Ax-b)

nxm mx1 nx1

8 _ 2A'(Ax-b) = 0 -

OX

nxm m *1 nx1 mxm m *1 m x1

Example

Once more the same example as before, but posed now in the matrix notation

1 1 2 y
A=|1 -1 b=| 0 X:[ }
1 -2 -2 y

11
S 11 3 -2
ATA= 1 -1|= ,
11 2], 2 6
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Pseudo solution by means of the least squares method (LSM)
3 -2||x|_|0 %
2 6|yl 6] 7 7|9
y %

A weighted LSM may be also considered.

Matrix notation

B =(Ax—-b)' W(Ax-b)
hence

A'WAX = A'Wb
where

W =diag (W, W,,..., W

Index notation

Il
o
=~

I
=
3
\2

M-
Y
=

M=
o
>

|

M-
®
=
ey

2007-12-13
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5.9 UNDERDETERMINED SLAE - MINIMUM LENGTH METHOD

CASE: LESS EQUATIONS THAN UNKNOWNS

T e

ol — — —
I
I
I
I
I
I
[Ny
I
I
I
I
I
I
L

SOLUTION APPROACH: MINIMUM LENGTH METHOD (MLM)
Introductory example
Find

min p? , pr=x+y?
X,y

when
2X+3y=5
(1 Elimination

1
==(5-2
y 3( X)

hence

pl =X +%(5—2x)2

find
- 2 2 2 1 2
min p , p =X +§(5—2x)
d 4 10 15
—p =2x-—=05-2X)=0 > Xx=— , y=—
dx” g =) 13" 7713

(i) Lagrange multipliers approach
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| =(x*+y?)—A(2x+3y -b)

ﬂ=2x—2/1=0 x=E
OX 13
ol 15
—=2y-31=0 = ==
2y y y 13
ol 10
9 _5)=— A==
r (2x+3y-5)=0 13

GENERAL LINEAR CASE

Find
min p? , 2=y x?
Xqsee X p ; !
when
AXx=b , m<n , linear constraints

SOLUTION BY THE ELIMINATION APPROACH

let
Az[A, A}, x={x , x}
mxn mxm mx(n-m) nx1 mx1 (n-m)x1
eliminated  remaining
unknowns  unknowns
hence
Ax=AXx+ A x =D
mxn nxI  mxmmxl mx(n-m) (n-m)x1 mx1
x=A(b+ A x ) eliminated unknowns, *)
mx1 mxm mx1l mx(n-m) (n-m)x1
and

p2 :inz(xn—m""'xn)+ inz :pz(xn—m+l""’xn) '
i=1

i=n—-m+1

Finally we find in two steps the solution of the minimization problem

min pz(xn—m+1""’xn)

Xn-m+1s-Xn

- step 1 — use of the optimality conditions

2
op 0

, for k=n-m+ln-m+2,...,n
OX,

X

n-m+1l?°° 7 *n

hence we obtain the first part of the unknowns x

2007-12-13
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- step 2 — use of the elimination formulas (*); they provide the remaining unknowns
Xiyeeer X

Example
Given undeterminen SLAE

2x+3y—-z=4
—X+4y-2z=-4

Solution by the minimum length approach

Find
rpyirz]pz 1 p2=X2+y2+ZZ
when
X
2 3 -1 4
y =
-1 4 -2 -4
Z
Hence

and
x={x'y | z} , b={4 -4}

Solution process
AL 1 4 -3
2x2 11 |1 2

B b - S S

elimination and minimization

X . 28 . -2

=—|-4|+=| 5|z
y 11 11 [2]
z 0 11

pi=[x y 7]y :%[(28—22)2+(—4+52)2+(1lz)2]
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2
90" _ 2 1 5(08-27)+5(-4+52)+1212]=0 — z=122
0 121 3

x]_1[28] 1[-2[152_ 1 [2024]_ 1[ 7.36
y| 11|-4| 11| 5| 3 825/-110| 3|-0.40

Finally

2.453333
{x vy z}:%{7.36,—0.40,1.52}= ~0.133333
0.506667



Chapter 6—1/38 2008-01-23
6. THE ALGEBRAIC EIGENVALUE PROBLEM

6.1. INTRODUCTION

Application in mechanics : principal stresses, principal strains, dynamics, buckling, ...

Formulation

Ax = Ax where A real nxn matrix, xeR"

Find non-trivial solution — det(A—AI)=0 — A
Ax;=4;x;, J=1,2,3,...n

where
sy A, - €igenvalues

X,,...,X, - eigenvectors

Example

2X+y:7»x_)2—7» 1 x| |0
X + 2y = Ay 12—Xy_0

eigenvalues evaluation

2-1 1
detAz‘ 5 ,1‘:(2_’1)2_1:’12_4’“3:0 > A=l 4=3
Let
A =3
= 1
— 4 _ — 1= =
2X, +Y, =3X%, N X+Y,=0 |et /x12+y12:1 2
X1+2y1=3y1 X1_Y1=0 y:L
L2
A, =1
o L
2%, + Y, =X, 7 X%+Y,=0 Let 1/x22+y22:1 2 \/5
X, +2Y, =Y, - X,+Yy,=0 1
y2:+T
2
x={Xy}



Chapter 6—2/38 2008-01-23

Eigenvectors

6.2. CLASSIFICATION OF NUMERICAL SOLUTION METHODS

- methods oriented on evaluation of all eigenvalues and eigenvectors (eg. Jacobi method)

- methods oriented on evaluation of a selected group of eigenvalues and eigenvectors

- methods oriented on evaluation of a single eigenvalue and eigenvector (usually
extremal, eg. power method, reverse iteration method)

6.3. THEOREMS
Theorem 1  If A has distinct all eigenvalues, then there exists a complete set of linearly
independent eigenvectors, unique up to a multiplicative constant.
Theorem 2 (Cayley-Hamilton theorem)
The matrix A satisfies its own characteristic equation, i.e. if p(x) is a
polynomial in x then
p(A) = p(d)
where A is an eigenvalue of A .
Theorem3  If g(x) is a polynomial in X and A is an eigenvalue of a matrix A then g(1)
is an eigenvalue of the matrix g(A).
Example
Let
C=3A"-2A+4I
then
Ae =34, =24, +4
Theorem4  The eigenvalues (but not eigenvectors) are preserved under the similarity
transformation.
Definition 1 The similarity transformation R™AR of the matrix A, where R is a non-

singular matrix, does not change the eigenvalue 4.
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Let Ax=/Ax
x=Ry - y=R7'x, det R#0
R'|  ARy=/Ry
R 'ARy = 1y
Thus eigenvalues for A and R"'AR matrices are the same

Theorem5  (Gerschgorin’s theorem).
Let A beagiven nxn matrix and let G, 1=1,2,...,n be the discs with
centers a;; and radii

n
Ri =D [ay]
k=1

k#i

Let D denote the union of the discs C,. Then all the eigenvalues of A lie within D.
Conclusion:

Mo 2min(a; —R;), A, <max(a; +R;)

Example
-2 1 3 a1 = -2 Rl — 1 n 3 _
A=-1 4 2 ay, =4 R, = |_1| P S
3 -23 a33 =3 R; = 3 + |-2 =

-6 -2 0 2 43 48
! !
-2 - 4 -2 + 4
A, >mind 4 - 3 = -6 Ape <max< 4 + 3 = 8
3 - 5 3 + 5

Remarks

— Theorem is useful for a rough evaluation of the eigenvalues spectrum

— Theorem holds also for complex matrices

—  The quality of the Gerschgorin’s evaluation depends on how much dominant are the
diagonal terms of the matrix A considered. Evaluation is exact for diagonal matrices.
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Theorem 6 ( Sturm sequence property).  The number of agreements in sign of successive
numbers of the sequence p, (/”At) for any given A ,ina symmetric tridiagonal matrix T, is

equal to the number of eigenvalues of this matrix, which are strictly greater than A

Here p, (/i) are the principal minors of the matrix T — Al

b ¢ -4 ¢
¢ b g C, b,-4 ¢
T= C2 b3 C3 ’ T—ﬂ,l: C2 b3_2/ C3
Cn—l Cm1
L Coi bn | L C. bn —ﬂ_
and
P, (4)=1
p(4)=b -4
P (4)=(b =4) P (4)-CiPs (4), k=2,3,,n
Remark:

If p; (/i) =0 then we record the sign opposite to the sign p; (i) .

Example

Determine intervals containing at most one eigenvalue of the matrix

S _
-1 2 -1
T= -1 2 -1
-1 2 -1
L _1 2_
Solution
2-%) -1 ]
-1 (2-2) -1
T-M= -1 (2-2) -1
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hence

P, (4)=1

p(4)=2-1

p(A)=(2-2) (2-2)=(-1) *1=(2- 1) ~1=2>—42+3

py(4)=(2-2) (A’ —44+3)-(-1) (2-2)=(2-4) (2*-42+2)

P, (A)=(2-2) (2=1) (2* -44+3)—(-1) (A’ —44+3)=(2-4) (2*-44+2) (4" —44+3)
b (2)=(2-2)[ (2-2) (# -42+2)~(22=42+3) |-(-1)'(2-2) (#*-42+2)=

= det(T - /11)

We sclect now values of A, and we record for each value of A the sign of the polynomials
P, (/i) . For p, (ﬁt) =0 we record the sign opposite to the sign p; (/i)

Table no. 1
y) Sign of p,(4)

k 0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0 + + + + + + + + +
1 + + + + - - - - -
2 + + - - - - - + +
3 + + - - + + + - -
4 + - - + + + - - +
5 + - + + - - + + -

Number of

eigenvalues 5 4 3 3 2 2 1 1 0

> A

Examining the final row of this Table 1 we find a single eigenvalue in each of the
intervals [0, 0.5], [0.5, 1.0], [1.5, 2.0], [2.5, 3.0], [3.5, 4.0]. Moreover a conclusion can be
drawn from the first column of signs in Table 1 - the matrix T has 5 positive eigenvalues i.e.
it is positive definite. The same conclusion may be drawn from the Gershgorin’s Theorem:

Twnin > 2= (1]+]-1)=0

Theorem 7  Positive definite matrix has all eigenvalues positive. Symmetric positive
definite matrix (nxn)has all n linearly independent eigenvectors.
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Example

Positive definite matrix

A=

S O =

1 0
1 1| > (1—1)320 — A=1 — one eigenvector {1 0 0}
0 1

Symmetric positive definite matrix

- (/1—1)3 =0 - 1=1 — three eigenvectors {1 0 0}, {0 1 0}, {0 0 1}

- o O

1 0
B=|0 1
0 0

Definition 2  Rayleigh Quotient.

t
Ax=Ax > A=2 ?X
XX
Ain SAS A for arbitrary xe 2

Remarks:

If x is eigenvector of a matrix A, the Rayleigh Quotient (RQ) A constitute the
corresponding exact eigenvalue of this matrix.

However, for a vector x, being only an approximation of an eigenvector, the RQ
presents an evaluation of the relevant fine eigenvalue.

Theorem 8  Orthogonal transformation preserve matrix symmetry as well as its

eigenvalues
Given
Ax = Ax,
is an orthogonal matrix.
Let
x=Qy, whereQ
Q'Q=I-Q"'=Q"
Then
AQy = 4Qy
Q"AQy =2y
Remark:

The orthogonal transformation of the matrix is a particular case of the similarity
transformation. Therefore, the statement of this theorem is obvious.
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6.4. THE POWER METHOD

6.4.1. Concept of the method and its convergence

This is a method to find the unique dominant eigenvalue: max(lmax o= Aumin )
Let
nénuj =Au, u, —eigenvector j=L2,...n
md A, —eigenvalue
Let |1]>[4,|2|4)|... 2|4
Let

n
Xg =D aju

j=1
@;,u; - are not known
Let Xl = AXO

Xz = AXI = AAXO = AZXO

Notice:

Effect of multiplication the vector x by the matrix A is equivalent to multiplication by A

Let Xg(i41) is the s-th vector component. Then

o B n 2 k+1
A oy + Zaj (Jj Ug;
iz A

L
s(k) ﬂ1k U, +ZO{1- (j:] usj:l

Thus magnitude of 4 decides about the convergence rate

Finally
X
li s(k+1) /11

k—o0
XS
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Remark:

If the dominant eigenvalue has multiplicity r, say we get

ol ' 0 7j k+1

= + . . . —_— .

Xy =M Eocjuj+ E o " u;
j=1

j=r+l

and

X k
s(k+1) ) +O(£j
Xs() 4

The dominant eigenvalue /4, is found but x, , converges to a linear combination of the first r
eigenvectors.

For real symmetric matrices the Rayleigh Quotient provides means of accelerating

Xs(k+1)

the convergence rate over the —
Xs(k)

ratio.

6.4.2. Procedure using the Rayleigh quotient

|POWER METHOD|
GIVEN PROBLEM AX = Ax
T
RAYLEIGH QUOTIENT _X f‘x
X X
0. ASSUMPTION X0
Vi, = Xk
1. NORMALIZATION k= 1
(XEXk F
2. POWER STEP X, = AVy
ViAvy, T
3. RAYLEIGHQUOTIENT A, =——X=v{Av, =v{x,,,
Vi Vi
A —A v
4. ERRORESTIMATION &) ==tk gl =y, —v,|
Ak+1
? ?
5. BRAKE OFF TEST géﬁl) <B, , 8,&‘3 <B, if No—gotol,if Yes—goto6.

6. FINAL RESULTS Ao BN, X FX

m
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Example
4 Voo 4% Y0

|1 1 _ | 1 _ 1 _
A=\ 4 UL o5 de(a-an)=| Vo4-n V=0 o
0 Y 4 0 1 o4-n
— K1=4+L, Ay =4, A3=4-——= exacteigenvalues

2 72

A, =47071067, L, =4, A, =3.2928933

el g el e ool

EIGENSPECTRUM EVALUATION BY THE GERSCHGORIN’S THEOREM

>4—l—l:3 A

1 1
}“min 9 max<4+5+5=5

Matrix is positive definite and symmetric — 3 different eigenvalues.

POWER METHOD SOLUTION PROCESS

Assume

Xo=1{l 1 1}
hence

Voz&shﬁ-_@ TOU {j§ ji j§}

% 14
nevin=| Vs Ve Vel Vs ; = = 4666667
2

it . 1 6 1o o 0.556022
2 0.556022

7]



Chapter 6—10/38 2008-01-23

|
4 V50 |rosse022] T2.532088

X, =Av, = / / 0.617802 |=|3.027230
y 4 0.556022 2.532988
2

2.532988
A, =[0.556022, 0.617802,0.556022] | 3.027230 | = 4.687023
2.532988
0.540082
v,=— X2 _10.645464
2 T J4
(szz) 0.540082
Error estimation
) _[4.687023-4.666667| 1012 0r

| 4.687023 e

Vo=V = {0.5400818—0.5560218,0.6454636—0.6178020,0.5400818—0.5560218}:

=1{-0.015940,0.027662,—-0.015940}
e =|v,—v,|=0.035684
Notice greater accuracy of A, than v, i.e. & <&
={0.528458, 0.664428, 0.528458}

A, =4.697206

Error estimation

[4.69721-4.68702| 0.002169
469721 |

£ =0.016438
v, ={0.501681,0.704721,0.501681}
A, =4.707074

{sz ={0.500056,0.707028,0.500056} - result exact within 3 +4 digits

A,; =4.707107 - result exact within 7 digits

v, = {0.500000,0.707107,0.SOOOOO} - result exact
A=4.707107
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6.4.3. Shift of the eigenspectrum

p(-)] PA)=2

2008-01-23

Given eigenvalue problem

Ax = Ax
Let
A=+l 5 Ax=xx+Ix

(A-l)x=kx — Xk A=K+l

A—> p(A)=41
- > A A-IT —» = A-1)=1-1
/ p L h=hs p(K) p( )
6.4.4. Application of shift to acceleration of convergence to 4 =4
P() 4 A
The optimal shift
A+4,
opt — >
in order to speed-up the convergence
[ %Y rate while evaluating 4,
A, Ao
lopt
Example
4+4- €L
o =25 - V2 _ -\ 3 646447 - optimal shift for 4
2 2 22

evaluation
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1 ! ]
4-4+— — 0 — 1 0
( 2\/_j 2 NG
1 1 1 1
A-l_I= — 4—4+—— — =1 — 1
R ) B R~
1 1
0 — 4—4+— 0o 1 —=
i 2 ( 2fj I V2
Let
x,={l, 1, 1}
{1 1 1}
Vo=y"F, &=,
R BV E RV VA
- _ S
— 1 0 1+ —
| V2 1 | 1 1 ‘/15 0.492799
x,==| 1 —= 1 |—=|l|=—=|2+—=|=]0.781474
2
V2 | 3 23 *F 0.492799
0o 1 — 1+ —
i V2 ] L V2
e
I+ —=
V2
1 1 1 1 3
K==, 1, 1]l —=|2+—=|==|4+—={=1.020220 —
RS PV v 6[ ﬁJ
1
I+—
V2 |

—> Ay =1.020220 + 3.646447 = 4.666667

v, = {0.470635, 0.746326, 0.470635)
= {0.539558, 0.734501, 0.539558}
K, =1.056047 = A, = 4.702493

v, ={0.509439, 0.693501, 0.509439}

Error estimation
) ]4.702493-4.666667|

| 4.702493 |
=|v2 —v,|=0.076171

0.007619

={0.500073, 0.707173, 0.500073} - result exact within 3-4 digits
/7,(8) =4.707107 - result exact within 7 digits

Remark:

Due to shift number of iterations was reduced from 25 to 8.
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6.4.5. Application of a shift to acceleration of convergence to Anyin

p(A) 4 p(k) !

When =4 the solution

max

procedure is convergent to 4_.

The optimal convergence to A 1is

obtained when: N
:ﬂ’n—1+/1max Kn::kmin 37\‘"7' 1‘ ,’/}‘\‘I:}\‘m:
oPt 2 I
p(}\’ilopt) //// //
P
Examples ]
(i)  Let
1
=4 =4+—=4.707107 > A =x+4.707107
SN
i 1 1 17 1 | 7
44— - 0 - = 0
( \E] 2 N
1 1 1 1 1 1
A-A I = - 44— - = = -——= =
3 2 ( ﬁj 2 2 V22
1 1 1 1
0 ~ 4—4—— 0 P
i 2 [ ﬁJ_ : 2 V2]
Let
x,=1{1, 1, 1}
%o _{L RS L}
0 (X; XO)% \/ga \/ga \/5
- | _
_T 5 0
12 A 1-v2 | [-0.119573
x, =(A-2L)v,=| = -—= = |&=|l|=—=[2-V2|=] 0.169102
2 2
2 Bl 2B 12| |-0.119573
o 1 _L
_ PR
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t 1 1 2 2
Cviex = 1L L 1] ——= (1-42, 2-+2, 1=+2} =22 _ 040440
K =Vy X4 \/g[ ] 2\/5{ } 3 2

Ay =K +1=-0.040440+4.707107 = 4.666667

v,=— X _1.0.500000, 0707107, —0.500000} ~—~, L 1
C .\ 2727 2
(xix,)
X, = (A= AV, {L i, L}
2 2
Kz = Vl X2 = _'\/E
1 1
Ay =i, +l=—2+44+—=4-——=
2) 2 \/5 5 23
here x,, x, and A,,, are the exact results.
(i)  Let
Iom_ﬂ“J”12 =(4+L+4j1:4+L=4.353553
2 22 22
C 1 ! ]
-— = 0 —— 1 0
w2 2 2
1 1 1 1 1
A-lI=| = —— = |==| 1 -—/— 1
" 2 W2 2 2 2
1 1 1
0 - — 0 1 ——
I 2 2] | V2
Let
x, ={L 1,1}
v _{L 1 L}
B VA RRVE RG]
x, = (A=l 1)V, =L{1—L, L 1—L}={0.084551, 0.373226, 0.084551}
230 V20 2 2

K, =Vy-x, =0.313113

Ay = K+ = 0313113+ 4.353554 = 4.666667
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6.5. INVERSE ITERATION METHOD

6.5.1. The basic algorithm

Ax=2x > A TAx =2A'x , where A is a non-singular matrix
Alx= l X
A
Let
1 1 1
n=—- - j’c:_’ ﬂ’lnax_
7\' /leax C
hence
Alx= [1h'¢

Notice:

Here A, and p, mean eigenvalues closest to zero

INVERSE METHOD
0. ASSUMPTION X0
—> 1. NORMALIZATION V= ——k
(3%, )?
2. POWER STEP
solution of
Simlianous
. equations A=LU LU decomposition
X TA TV DA, =Y DX = Ly, =v, oy, step foreward
U X, =Y 2 Xy step back
No
ViA''v
3. RAYLEIGH QUOTIENT A, =—*—F*=vix,,, , A=Ay
Vi Vi
A, —A
4. ERROR ESTIMATION ¢ = % e =V vy
k+1
5. BRAKE OFF TEST e?, . <B, : e, <B,
Yes

L» 6. FINAL RESULTS he AL X, X,

C
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P(L)
Power
method
T 7/ -
kmm 7\4(__ |nverse kmax
method
Example
Let
4 Loy
2
A=t 4 1
2 2
!
L 2]
Matrix decomposition
_ - | ;
2 0 0 2 2 0
A=LL" = 1 @ 0 0 @ 2
4 4 4 63
2 62 62
0 — 2./—1lo0 o 2/=
| V63 311 63 |
Let
x,=1{L 1, 1}
o _{L Rl L}
D o(xhw,) W3IBS



Chapter 6—17/38 2008-01-23

4 Lo
1 2 NI S e 0.130369
Ax, =|= 4 =||x, |=—|1 —>x1:{ , }: 0.111745
2 2
| X, V3 N3, 33T 33 10360
0 — 4
L 2 ]

A, =vix, =0215054 — A, = A} = 4.649995

v=—X ) :{ 7 6 / }:{0.604708, 0.518321, 0.604708)

(xtx,) J1347 1347 134
4+ Loy
1 2 A= 1 7 1 0.139334
Ax,=|= 4 —||% |=—=—|6|>x, =—F—=—={50, 34, 50}=|0.094747
2 2 J J
. X, 3415 31v134 0.139334
0 — 4
L2 ]

A, =VIx,=0217622 > A, = A7 =4.591342

v, = = C= 1 {25, 17, 25} ={0.637266, 0.433341, 0.6372659}
(xt-x,) 919
XX
4 Lo
1 2 | X, ) 25 0.150477
AX; = > 4 Sl1* N 17 | - x, =| 0.070716
1 X, W19 25 0.150477
0 — 4
L2
A fipa =0.303684 — Agy :A;ilnal =3.292893 =14,

V i = 10.50000, 0.707107, —0.50000}

Remark:

Convergence is initially slow because of unhappy choice of x,,.
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6.5.2.
given one
A
oy a0 P
PO
J > A

Inverse

Inverse + shift

Example
4 Lo
2
2 2
0 l 4
L 2]
Let
1=3.75
Thus
1
4
~ 1
A=A-3.751=|—
2
0
Error estimation )
& = A = Ay , g|£V) -
Ak+1

(NS N I O
N S

=
=
=

2008-01-23

Use of inverse and shift In order to find the eigenvalue A closest to a

Let
A=x+I

CONCEPT
The same like in the case of

inverse method but:

- A isreplaced now by A—II
- A=A+
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Let us assume first a symmetric starting vector

x, ={L 1, 1}
then
X 1
vV, = ; 0 %=_3{1’ 1, 1}
(x+%,)
1,
‘1‘ ? AT, L 1] [o3204
Ax1= E Z 5 X2 :T 1 —)XIZT 3| =10.989743
x| Y N3] 0329914
o L 1|-7
L 2 4]
1 0301511
v, =— r= b 3 1) =] 0.904534
(xi-x,) 0.301511
20 21

Ay =vix =0 =0952381 o 4= A 1= +3.75=4.800000

error estimation
e?=1.00, &Y=254x10"

1,
‘1‘ f MR ., [5] [ossen
Ax, == — —||%|=——|3]| > x,=—— | 1]=]0.172292
2 4 2
| Y ML S o ge1asn
11| L%
0 — —
L 2 4]
1 0.700140
v, = ) l:\/a{s, 1, 5} =|0.140028
t 2
(x-x) 0.700140

A,=Vx, = % =0.675325, A=A, +l= Z—Z+ 3.75=15.230769

error estimation
&) =824x107, & =5.48x10"
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SRR
‘1‘ f NIETEE , [3] [Fo2d008
Ax,=|— = —||x|=—=]|1] > x,=——1]19| =] 1.520304
2 4 2
o | Vs ST 5| | 0240048
1 1(L%
0 — =
L 2 4]
1 ~0.154100
v,=— o (-3, 19, -3} =| 0.975964
(xt-x,)’ V379
37X ~0.154100
44 357

A, =vix,=————=-0.123249, 1. =A;'"+1=—""+3.75=-4.363636
3 243 3) 3
7-51 44

error estimation
eV=220, &Y=657x10"

L1,
‘1‘ f K [ , [4 1.203444
Ax,=|= — —||%|=——|19] > x, = —31 | =[-0.909922
2 4 2 J J
RS 31 5 TS 41| | 1203444
0 — —
L 2 4]
1 0.623579
X
v, = _= {41, =31, 41} =| —0.471486
(xix,) V4323 0.623579

A, =Vvix, =-1.258952, A, =A,+I= +3.75=2.955689

1.258952

error estimation
e =248, &V=481x10"
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SR
‘1‘ f I R , [F103] [-osesin2
Ax, == — —||x |= 31| > x, = 195 |=| 1.694743
2 4 2 J4323 74/4323
IR 41 103 | |-0.895172
0 — —
L 2 4]
1 ~0.423174
XS
v, = _= {~103, 195, —103} = | 0.801154
(xx;) V39243 0.423174

A =vix,=-1.915469, A, =A;'+1= +3.75=3.227935

1.915469

error estimation
e =843x107, & =251x10"

SR
‘1‘ f MK o[ . 493 1.157418
Ax,=|— —~ —||x |= 195 | > X, =———— | —607 | =| —1.425057
2 4 2 J J
IR 2851 103 T34 403 1.157418
0 — —
L 2 4]
1 0.533309
X6
v, = _= {493, —607, 493} = | —0.656630
(xix)  BI44T 0.533309

Ay =vix, =-2.121268, A =A; +|= +3.75=3.278584

2.121268
error estimation
e =154x107, & =123x10"
1
‘1‘ f A[X] [Fosss219 1.097741
Axy=| 2 o || %|=] 0712414 | > x,= | -1541308
X, | |-0.496219 1.097741
11 |Ls
0 — =
L 2 4]
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0.501796
Vv, =—0 | 0.704558
t 2
(Xl %10 0.501796
A, =Vix, =—2.187631, A+l =—————+3.75=3.292884
10 910 210 10 2187631
error estimation
=3.94x107°, =6.43x107
11,
‘1‘ f (|[x] 0500000 0.500000
Axu=|~ 7 7|[%|=] 0707107 | & Xy > vy = | -0.707107
1 |Lx] [-0:500000 0.500000
0 — —
L 2 4]
1
Ay =V Xy, =—2.187673, A=A, +1=—————+3.75=3.292893
28 2728 128 28 2187673
error estimation
e =135%x107", £ =135x10"
11,
4 2 x| [ 0.500000 ~0.500000
Ax”:% % % X, |=|=0.707107 | > X,, = v,, = | 0.707107
1 |Lx] [ 0500000 ~0.500000
0 — —
L 2 4]
A,y = VX, = —2.187673, A+l =—————+3.75=3.292893
w0 = Ao =By 2.187673

error estimation

V=0, &Y=158x10"
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11
— =0
‘1‘ f C{[% ] [-o-s00000 0.500000
AX30 = 5 Z E X2 = 0707107 —> X30 —> V30 = —0707107
L 1] [-0.500000 0.500000
0o — =
L 2 4]
Ay =ViXy, =—2.187673, A, =————+3.75=3.292893
30 29730 ﬂ30 2187673
error estimation
e =135x107°, &) =275x10"
L1,
‘1‘ ? I[x] [Fos00s14 1.085564
Axy =2 5 || %|=] 0707107 | xg = | -1.546912
1k [-0.500514 1.102099
0 — —
L 2 4]
0.496214
vy, =—0 10707097
t 2
(Xso 'XSO) 0.503772
1
Ay =VioXy =—2.187662, Ay = Ay +1=————+3.75=3.292882
50 49750 50 ASO 2187662

error estimation

e =235%107°,

= A==

_ ot _
Ay =V5Xsg =

el =477x107

0
([x] [Fo712203 0.023209
S| =] 0:664212 | > xq > vy = | -0.588084
LI [-0.227135 0.808467
4]

1459722, A, =A;l +3.75=3.064938
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error estimation
e =562x1072, &Y =522x10"

11
— — 0
4 2 x| [ 0.023209 ~0.863853
Axsgzé % % X, |=|—-0.588084 | > x,, —> v, = | 0.448093
L 1ILx] | 0808467 0.230153
0 — —
L 2 4

Ay = VX, =—0.279919, A, =Ay +3.75=0.177535

error estimation
e =1.63x10", &) =595%10"

11
—- —- 0
‘1‘ ? C|[%] [-0-863853 ~0.440870
Ax, = 2 23 X, |=| 0.448093 | > x,, > v, = | —0.289111
L1 |bx] [0230153 0.849734
0O — —
L 2 4]

A =ViX,, =1.515181, A, = Ay, +3.75=4.409987

error estimation
e =9.60x10", &) =443x10"

B
— ~ 0
‘1‘ f C{[x] [o-7ososs ~0.706570
Axy=|o o || %|=| 0001387 | & x> vy = | 0000759
L 1Ix] [ o706125 0.707643
0 — —
L 2 4]
1

A 5y =ViX,, =3.999885, A, =A; + +3.75=4.000001

~3.999885

error estimation
& =872x107, &) =1.29x107
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Finally

1,

‘1‘ f |[x] [ror07107 ~0.707107
Axy=|— — =% |=] 0.000000 | > Xg, — Vg = | 0.000000

2 4 2

L1kl Log07107 0.707107

0 — —

L 2 4]
Ag=A,, =4000000 — A =A; +I +3.75=4.00000 = A,

il 3999885
Vg = Vi = 1{—0.707107, 0.000000, 0.707107} =v

second

error estimation
=0, &Y=135x10"

Remarks

— for error treshold 107" only 86 iterations is sufficient because
el =3.55x107"5,
el =827x1078

— notice: after 25 iterations we also have small estimation error
& =9.17x107,
&) =9.86x107

however, the results
As =3.292893~ 4.,

v,; ={~0.500000, 0.707107, —0.500000} = v,

correspond to a false solution, namely to the third eigenvalue A, and eigenvector

V third -

Number of iterations Number of iterations
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
0 S T T T T T I AT AN I 2 N T T T T T I O A I

Logarithm of eigenvector's error
Logarithm of Lambda's error




Chapter 6—26/38
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6 -
T<¢t - — - - - - - - - — - - - - - - - - - — — — Ag= 4.707107
4 4+ — — — — — — — — — — — — — — — — — — — 7‘a: 4.000000
| ] sessessssesersrssrerersrcsrsensrorserorsrsenrrtetrtes | — — — — — — — — — — — — — - hg= 3292893
2 1
g |
E0—
3 . \
2 — |
| |
|
4 — ‘
7 |
-6 I ‘ I ‘ I ‘ I ‘ I ‘ I 59‘ I ‘ I ‘ I ‘ I
0 10 20 30 40 50 60 70 80 90 100
Number of iterations
(i)  Let us use now a non-symetric starting vector
X, :{1, 1 —1}
then
X, 1
V, = - =—{1, 1 —1}
(xg-xo)2 V3
_l 1 0_
T ? 1IN 1 4 ?
Ax,=|— — — || X |==—7=]|1 |>x,=——=| -1
1 2 4 2 2 \/g 1 7\/5
. L1 L% -1 =5
7 2 4]
X, 1
v, = = {9, -1, —5}
(xl‘ X, ) V107
T 52 . 21
A =vyx, =—=2476191 - A=A +|1=—+3.75=4.153846
21 52
_l 1 O_
411 ? | 1 ’ 4 =
Ax,=|— = —|| X% |=—/—|-1| > x,=——— | 9
P12 4 20| 7] o7 2 74107
1115 -5 -57
0 — —
L 2 4]
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b 375-4.033283
3.530040

+

A, =V'x, =3.530040, A =4,

Finally
After 39 iterations we obtain as before

Ay =4.000000 > A, = AL 41 = i +3.75=4.000000 = 1,

1 1
v ={0.707107, 0.000000, 0.707107} ~ {_ 0, -
NZARNG) }

The error level is 107" then.

Remark

Due to different starting vector convergence in the (ii) case proved to be much faster than in

the case (i).
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6.6. THE GENERALIZED EIGENVALUE PROBLEM

Ax = ABx

e.g. from FEM where A=K, B=M
K — stiffness matrix, M — inertia matrix

If
B=B' and x'Bx>0
symmetric positive  definite
then
B=LL, Ux:y - X=L7ty
Ax=JLLx — AL'y=ILy
-1 -t _
L AL 'y=2\y
Ay=1y, A=L"AL"
Remark

The generalized eigenvalue problem was transformed into the standard one with the
same eigenvalues A preserved.

SOLUTION ALGORITHM BASED ON THE POWER METHOD

(Search for the largest eigenvalue A__ )

max

ASSUMPTION Yo
NORMALIZATION u, = %
t 2
(vh-¥n)
POWER STEP L'AL'u, =y,
B=LL -matrix decomposition (onlyonce)
How itis done:  L'x, =u, - X, - step back
Ly, =Ax, —>Yy,, -step foreward
RAYLEIGH uj (L"AL" )u,
QUOTIENT A, = t =U, ¥, = X,AX,
un_lun
ERROR A A
ESTIMATION &' === &= —un
BRAKE OFF TEST =~ % < B, , &% <B,, B,,B, imposed required precision
N, of errors £ and &“ evaluation.
RESULTS A ~A X, ® X
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Example
Ax = ABx
7 4 37x 8 1 3][x
48 2||x|=4]1 6 4||x
3 2 6]|x 3 4 4] X
()  DIRECT APPROACH
1. Decompose B=LL
8 1 3 2.828427 0 0 2.828427 0.353553 1.060660
1 6 4|=|0.353553 2.423840 0 0 2.423840 1.495561
3 4 4 1.060660 1.495561 0.798935 0 0 0.798935
2. Find inverse matrices L™, L™
0.353555 0 0 0.353553 -0.051571 -0.372836
L' =] -0.051571 0.412568 0 , L'= 0 0.412568 —0.772303
-0.372836 —0.772303 1.251663 0 0 1.251663
3. Find A=L"AL"
[ 0.353553 0 0 7 4 310353553 -0.051571 -0.372836
A=]-0.051571 0.412568 0 4 8 2 0 0.412568 —0.772303
| —0.372836 —0.772303 1.251663 || 3 6 0 0 1.251663

[ 0.874995  0.455828 —0.687333
A=| 0455828 1210105 —2.031250
| —0.687333 -2.031250 10.781520

4. Find eigenvalues A and eigenvectors u of A by any standard method

A, =11.251110, A, =1.116762, A, =0.498742

—-0.073535 0.717447 —-0.692722
u, =| -0.200948 |, u, =| 0.669696 |, u, =| 0.714931
0.976838 0.191774 0.094923
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5. Find the eigenvectors of the original problem x=L"'u

0.353553 —0.051571 —0.372836 || -0.073535 | 0.717447 | -0.692722
0 0.412568 —0.772303 || —0.200948 0.669696 0.714931 |=
0 0 1.251663 || 0.976838 | 0.191774 ; 0.094923

—-0.379836 0.147619 -0.317174 —0.248290 | 0.476833 | —0.775220
=|-0.837319 0.128188 0.221647 |=|-0.547337 0.414068 0.541741
1.222672  0.240036 0.118812 0.799233 {0.775357 | 0.290393

In the last matrix all eigenvectors x are normalized

(ii) MORE EFFICIENT APPROACH

2a Solve simultaneous equations

Step back Lx =u - X

n n n

2.820427 0.353553 1.060660 || X u, X,
0 2423840 1.495561 || X, | =|U, | = | X, |=
0 0 0.798935 || X, | | Us |, X,

Step forward Ly, =Ax, — Y.,

2828427 0 0 Y, 74 37[x] [w

0353553 2423840 0 ||y,| =|4 8 2|[x |=|y,|=

1.060660 1.495561 0798935 ||y, | 3 2 6]|x| |V,
Let

v ={1,1,1}

u, :W:{%’ % %} — {0.577350, 0.577350, 0.577350}

L'x, =u, - x, = {-0.040907, —0.207693, 0.722648)
Ax, = {1.050824, —0.379873, 3.797781}

Ay, = X AX, =2.780369

Ly, = Ax, -y, = {0.371522, —0.210916, 4.655135}

u, = L 1 :{
)A

0.079475, —0.045119, 0.995815}
(YZYZ
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L'x, =u, > X, = {~0.340850, —0.787685, 1.246425)
Ax, ={~1.797415, —5.172031, 4.880630}
Aoy = X4AX, =10.769220

Finally

Lx=u—>x= {—0.379836, —-0.837319, 1.222672}
Ax = {—2.3401 10, —-5.772553, 4.521886}
A =X Ax=11.251110

6.7. THE JACOBI METHOD

The Jacobi method for finding all of the eigenvalues and eigenvectors of a symmetric,
positive definite matrix A is based on consecutive simple orthogonal transformations in order
to convert this matrix A into the diagonal diagonal form.

AX =AX , Q'AQ=D diagonal , A:[aij]
Let p q

|

|

s
o
S
c

|

|
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After transformation U'AU we have

zone |ll {a'ij = a;
except:
' _ A2 2 _
a', =C"a, +s'a, —2csa,,
. " A2 2
zone | { PP, Pg, dp, qq terms:qa',, =c°a, +s'a, +2csa,,
] Al _ 2 _ 2 _
a'y, =a'y, =(c"—s")a, +cs(a,, —a,)
] ] a'y =ca, —sa;
pth and gth rows (j=p and j=q) : a4 —sa +ca
/A aj
zone Il
) ) a', =ca, —sa,
pth and qgth columns (i=p and i#Q): 4 —sa +ca
iq — ip + iq
6.7.1. Conditions imposed on transformation

1. orthogonality:
U'=U" because U'U=I-c’+s’ =1

2. a'pq term anihilation

' _Aa'

a pq a a 0
In order to satisfy the first condition we assume

C=cosd

S=sin 4
hence

2 ) . _

(cos 9 —sin 9) a,, + sin $cos S(app -3y ) =0

Since

cos’> 9—sin’ 9= cos293, sindcosd= %sin28

The second condition
1 )
a'pq =a, c0s219+§(app — 8y )sm23 =0

yield

2a
tan29=——"_ 5249

8pp ~ g

Remarks:

- Appropriately chosen rotation of the coordinate system about the angle ¢ provides
annihilation of 61'pq

- In fact we need rather cos ¢ and sin ¢ than 4 itself. They may be found from the following

formulas:
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28
. 1 a>0
s=sin9=—""—sgn(a), Where sgn(a)=<-1 a<0
2 cos @
0 a=0
SOLUTION PROCEDURE

We have to annihilate all off-diagonal terms, however, subsequent annihilation steps
usually destroy the previously done. Fortunately such process is convergent to the final
solution. The final matrix, through usually not strictly diagonal has off-diagonal terms as
small as required when compared with diagonal ones.

Thus solution procedure is continued until brake-off test is satisfied. It is based either
on the average or on the maximum error norms defined below:

Average norms

V!
1 n n
V=] ZZ a; - The average norm of the off-diagonal elements
n" —ni =
j#i
RN
JW= [— aﬁj - The average norm of diagonal elements
N
Maximum norms
nV = max ‘aij ‘ - The maximum norm of off-diagonal elements
i;tJj
n W= max |a“| - The maximum norm of diagonal elements
1
BRAKE OFF TEST
V < ew

where: v, w are equal eitherto ,v, ,w orto v, W

m~ > m

& isagiven thresholde.g. &£=10"°
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Finally

UL - UU'AUU,---U, ~Q'AQ=D
Q' Q

Hence matrix decomposition is

A=Q '™DQ'=QDQT

Q - orthogonal matix - its columns are eigenvectors of the matrix A
D - diagonal matrix composed of eigenvalues of the matrix A

If it is desired to compute the eigenvectors along with the eingevalues, this can be
accomplished by initializing the matrix Q as I, and then modifying Q along with
modifications to A in the following way

p-th column ', = cq;, —sq,
g-th column q',, = sq;, +cq,
All other columns remain unchanged i.e. q; = q;

Columns of the final Q are the eigenvectors of the original matrix A, while its eigenvalues
are given by the diagonal terms of the matrix D.

Example

12

N W N BN
—_— W 00 N
~N O =

required precision is given by £=10"°

SOLUTION PROCEDURE
Average off-diagonal terms of the matrix A
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Y, =(2L-2-[22 +3247%4+5° +12+92]] =5.307228
4 _4

In order to find a reasonable off-diagonal element of the matrix A we seek for the first
element greater then ,V, . Thus we have:

a,=a,=7 > ,v,=5307228 — p=1, q=4

and anihilated will be element a4, =a;4 =7. We find then:

a =%(a“ “a,) :%(4_7) — ~1.500000

1
1 22
p=(ai+a’)? =(72+(—%j ] =7.158911

1
e Lolal P _[L,_ 15 P06
2 28) (2 2(7.158911)

o(-a,.) (-15)(-7)

"~ 2Blefc  2(7.158911)[-1.5](.777666)

=0.628678

Now we find

a', =c’a, +sa,, —2csa, = (0.777666) -4 +(0.628678)" - 7—2(0.777666)(0.628678)-7 =
=-1.658911

a',, =c’a, +s’a, +2csa,, = (0.777666)" - 7+ (0.628678)" - 4+ 2(0.777666) (0.628678) - 7 =
=12.658910

a', =a', =ca, —sa, =0.777666-2—0.628678-1 = 0.926655
a',=a', =ca, —sa,, =0.777666-3—0.628678-9 = —3.325099
a',=a', =sa, +ca, =0.628678-2+0.777666-1 = 2.035051
a',=a'y, =sa, +ca, =0.628678-3+0.777666-9 = 8.885027

-1.658911 0.926655 -3.325099 0
| 0.926655 8 5 2.035021
| -3.325099 5 12 8.885027
0 2.035021 8.885027 12.658910

Search for Q matrix:
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initially Q=I

after the first iteration
q',, =c¢q,, —sq,, =0.777666-1-0.628678-0=0.777666

q',, =¢d, —S0,, =€-0-s5-0=0

q'y, =Cq, —sq;, =C-0-5-0=0

q', =c¢q,, —sq, =Cc-0-5-1=—-0.628678
q', =50, +cq, =s-1+c-0=0.628678
q',, =50, +¢cg,,=s-0+¢c-0=0

q'5, =50;,+¢q;, =s-0+c-0=0

q',, =sq, +cq,, =s-0+c-1=0.777666

0.777666 0 0 0.628678
0- 0 1 0 0
B 0 0 1 0
—0.628678 0 0 0.777666
BRAKE OFF TESTS

Let required precision of the solution is
g=10"°

Q) For the initial matrix

Average norms

N | —

W, :{1(42+82+122+72)} =8.261356 - diagonal
4

N | —

avo{ E -2(22+32+72+52+1z+92)} =5307228 - off-diagonal
4’ -4

v, 5.307228
w, 8261356

a

=0.642416 > £=10"°

a

Maximum norms

m Wp = max |a”| =12 - diagonal terms

nVo = max 8; =9 - off-diagonal terms
i#]
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Yo _9 075 5 g=10°
oW, 12

(i) After the first iteration

Average norms

1
2

w, = ! (—1.658911)" +82 +12% +12.65891% ||~ =9.63068
: 4

1

2V, :{ " 2] 0.926655" +(~3.325099)" + 07 +5° +2.035021° +8.8850272}}2 = 4472136

42

Maximum norms

oW, =12.65891 - diagonal terms

oV, =8.885027 - off-diagonal terms
M AR seazes > e, 2 BSOS 001879 5 ¢
w,  9.63068 w,  12.65891

a m

Finally after all iterations the following matrices are obtained:

3233881 4.89x107°  —6.06x107°  1.72x107°
Al 4.89x107° 3.739112 0 ~3.78x10710
~-6.06x1071° 0 23.04466 5.14x107°
| 1.72x107° -3.78x10710  5.14x107° 7.450091
[0.580781  0.678728 0.345658  0.287300
—0.203742  0.374957 0.311701 —0.848963
Q=| 0365143 —0.617460 0.688355 —0.107607
| —0.698465  0.132200 0.556353  0.430280

Precision of the final solution

Average norms

=

W= %[(—3.233881)2 +3.739112% +23.04466 +7.4500912]} =12.359199
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av={421 7 A(489x107) +(-6.06x10"°)* +(1.72x107)* +

1

2
+0% +(=3.78x107"")* +(5.14x107°)*] } =7.33x107°

Brake-off test

vV 7.33x10°°
w1236

a

a

=593x107 < £ =10"°

Maximum norms

W= 23.04466
V=1.72x10"

Brake-off test

WV 172x107

;M o ET T —746x107 <e=10"°
W 23.04466



Chapter 7—1/7 2008-01-23

7. ILL-CONDITIONED SYSTEMS OF SIMULTANEOUS LINEAR

EQUATIONS
7.1.INTRODUCTION
Example

2x, +3x, =5

I —> X1 =X3 =1
2X1 +3.1X2 :51
2x,+3x, =5

II x, =10, X, ==5
1.999x, +3x, =4.99

ILL-CONDITIONED SLAE

1.999x, + 3x,=4.99 —

7.2.SOLUTION APPROACH

Questions:

1. What is the phenomenon of ill-conditioning?
2. How ill-conditioning may be measured?
3. What may be done in order to overcome ill-conditioning problem?

AD 1. ILL CONDITIONING PHENOMENON

Thus a very small change in the coefficients gives rise to a large change in the solution.
Such behavior characterizes what is called an ill-conditioned system. Ill-conditioning causes
problem since we cannot carry out computations with infinite precision.
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AD 2. HOW TO MEASURE ILL-CONDITIONING

(i) The first approach

Let
Ax=b — XTEA_lb
Ax, =b+r — r=Ax_-b
X;—x,=-A'r=-e

where

¢+ — true solution

— computed solution

c

X
X
r — denote a residuum, due to rounding-off errors r may differ from zero
e — solution error

From the properties of norm

[By] < [B] []

Also,since y=B'By we have

Il < 8] [By]— |

A
=
=

A
=
=

B

Hence we may write

||r|| e]
<

jag < 1A= e

IR N
[T ol = el = ol

bl A7 < ATl [
”A”—H—H H b —

since

|7 = [x;] and [ATr|= e

Multiplying both inequalities we get

L e g
ATIAT] ol = Tl
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Assuming
k= HA HHA*1 H conditioning number

we find the folowing evaluation

Here Hi” is the relative error of solution, and H is the relative residuum.
XTH

Thus the quality of the computed solution x, is dependent on the value of

k=[a] o

: k>1

called the condition number ( cond A). Using the spectral norm of matrix | ||
Il = ol

induced by the Euclidean vector norm

1
N By 2
=1 2.1l
i=1

where

p(A):m3x|Xk|

denotes the special radius, we get

]
A

‘min

= Al [a], = I,

ax

2008-01-23

Here k >1 (conditioning number) is the measure of the system conditioning (ill- or well-).



Chapter 7—4/7 2008-01-23

(i)  The second approach

Consider the effects of rounding error of the coefficient matrix A

Let

A =A+A.,
where

A .= computed matrix, A = exact matrix, Ag =matrix of perturbations
Let

Ax, =b = x,
Then

X, =ATb=ATAX, = A" (A+AL)x, > X; —X, = ATALX,
Hence

i A A
x; = x || < A7 ||AL] [x. =k|| = x| = cond(A) T=E |x.

where

cond(A) = k= ||A||HA’1

from which we have the following evaluation

2

x; —x

C

X

C

Thus the computed solution can vary from the theoretical solution, as a result of round-off
errors, by an amount directly proportional to the conditioning number k.

On computational precision

[~ p—pBlogk|

p - introduced precision
g - obtained precision
B - norm dependent coefficient ( for the spectral norm B=I1 )

Examples

(i)

2 3
A = L k= 2060478 g 04
2 3.1 4, 0.039522

logk =2.107 ~ 2 digits
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(i)

2 3
A, = —> k=~ 4.9994 =8331.33
1.999 3 0.0006
logk =3.9207 ~ 4 digits
How important are ,,small perturbations”? Compare given and inversed matrices.

A |23 At [155 715 Al 2 3 N 1000~ 1000
Y2 31 210 10 | 2711999 3| 2 T -666= 666—

3 3

AD 3. HOW TO DEAL WITH ILL CONDITIONED SYSTEMS

1. apply double precision
2. apply iterative residual approach

r = Ax" —p - residuum

Let
gl = X; — x!) - solution error
Ag = Ax; —AxU =p-Ax = 5 O

The error vector g

(1

is itself the solution of the given system but with a new right-

hand side —r"". After solution we get from there

x? = x40 5 1@ Z Ax® _p etc.

S (0 B (5 I (%) BN B
until
—

< B
Hx(k+1)

3. change the method (e.g. the method of discretization)

4. use a regularization method — e.g. the Tikchonov method
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Problems

Which of the following matrices gives rise to an ill-conditioned system; estimate loss
of accuracy.

1 2 -1 1 1 23 0
A =34 0 b, =1 A,=|4 5 6 b, =|2
1 1 0 1 , 7 8 8 1

7.3. TIKCHONOW SOLUTION APPROACH

Given

ILL-CONDITIONED SIMULTANEOUS ALGEBRAIC EQS
Z;aijxj =b , i,j=12,..,n
j=

FIND AN APPROXIMATE SOLUTION CLOSEST TO THE ORIGIN OF THE
CARTESIAN COORDINATE SYSTEM  X,...., X,

2
n n n
Find minl , |= E ( aijxj—bij +a§ X}
X " -
i j=1 i=1

THE RESULT DEPENDS ON o
Example
2% +3X, =5
1.999x, +3X, = 4.99
| =(2% +3%,—5) +(1.999%, +3%, -4.99) + (X’ +x})

9 =0 , iI:O -
OX, OX,
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0.00009+19.975«

X =
" 0.000009 +25.996¢ + o
—0.000045+29.97

X, = 2
0.000009 +25.996¢ + &

FAMILY OF SOLUTIONS

2008-01-23

conditioning number

a X X k = ﬁ
/’Lmin

0 10 -5 7.51-10’
0.1 0.7655 1.1484 260.96
1 0.7399 1.1102 27.00
10 0.5549 0.8326 3.60
100 0.1585 0.2379 1.26
10° 2:107° 3.107° 1.00
[ NC 0 0 1.00
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8. APPROXIMATION

8.1. INTRODUCTION

Approximation is a replacement of a function f(x), given as a continuous or discrete
one, by an other function g(x).

.-9(x)
fA z fA N
x) 94(x) ,/?2( ),,"' CTON
TR S
e &
o (%)
> >
X X
f(x) continuos f(x) discrete
Approximation is usually assumed in the form
f)=g(x)=a’p=P,(X) > &= f(X)-PF, (X
Where :
a={a,.a,| - Unknown coefficients of approximation
@ = {g,(X)..0,(x)} - Assumed bases functions
x ={x®.x™} - Position vector of an arbitrary point in m-dimensional space

e(x) = f(x)—P,(x) -approximation error

We distinguish : INTERPOLATION, BEST APPROXIMATION

INTERPOLATION : g(xi):O for 1=01..,n — a
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X
BEST APPROXIMATION : Min|e] —a
Interpolation — Extrapolation
ST
A /
Re AN
/ x_ .
1 ~— ”
S
/
/
/
~ /
S _ - 7/
>
— | . . > | —>
ex’crapolationI interpolation extrapolation

Bases functions

Examples

e Monomials

Weierstrass Theorem

2008-04-08

If continuous function f(x) is approximated by the polynomial P,(x) then for any

given &>0 such n may be found that

[f(X) = Pa(X)| < 5
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>
X
e Tschebychev polynomials
TO(X)1 Tl(X)! vy Tn(X)
e Trigonometric functions
1, cos(x), sin(x), cos(2x), sin(2x), ..., cos(nx), sin(nx)
8.2.INTERPOLATION IN 1D SPACE
a0
fO6) = R06) = [0 (%6)--.0, O6)] - ¢ i=01l.n; f(x)=f
an
Let
F:{fo""’ fn} §00(X0) ¢n(Xo)

o= .. .. .
Po(%,) o o.(%,)

Required is solution of simultaneous linear algebraic equations

®a=F—>a=0"F

Example

For monomials x " assumed as the bases functions we obtain VVandermonde
determinant

Here detd =« 0 if x #X



Chapter 8—4/26 2008-04-08

1D Example
Let
f(x)~a,+a, X - linear interpolation
then
fo)=fo=a*+aX% _ {fo}{l xoﬂao} N {ao}z 1 {foxl-flxo}
f(x,)=fi=a,+a, % f) 1 x|la Q X = X f-f
hence

X—X X—X
f(X)z Pl(X)= fo X — L+ f1 X1—X0 = foLE)l)(X)‘*‘ fngl)(X)

0 0

Generally

F=da > a=®'F

Solution of SLAE (simultaneous linear algebraic equations)

8.3.LAGRANGIAN INTERPOLATION ( 1D APPROXIMATION)

Given: fi, for i=0,1,...,n

fA

>

X

Required : An interpolating polynomial of degree n which passes through n+1 points (x;, fi)

Construction of the solution Nodal values
f 1 ifx.=x
(n) j 0
X:)= )
L™ (%)) {0 if x; # X,
o L \\ for j=01..n
Lf)l) (x) o \\\ e==s
.‘\ - ~ )
%o See_ - ’ X
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f
Li(x) /// L =1 ‘\
~ | \“\ —o ’
~-- X
f
Ln(X) - /// “fr‘F‘I
—x % >
S~ - x
Generally
1 if j=i, j=01,.
L (x) = _ J . J
. 0 if j=i , i=01,.
The interpolating polynomial defined by :
P00 =2 LY,
j=0
satisfies equations
f(Xi):Pn(Xi )1 i:O,l,...,n

How to find Lj(x) ?

Given
C X, X, X X

i1 N Bl B

Xoy Xp e

2008-04-08
1 ifx =x
M (y ) — i~
. (Xi)_{o if X, =X

for i,j=0,1,...,n

™ 1 if x;=x,
L) = 0 if x;#x,

for , j=0,1..,n

,Nn

(*)

,n

Required the lowest order polynomial L‘J.”)(x) satisfying the conditions (*) posed above
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Examples

n=1
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Example

Given the following data set
[ 0|1 3
Xj 1 8
f)] 1 | 3] 7 |11

N

N
N

2008-04-08

Interpolate for f(7) using the third order Lagrange polynomial. Repeat solution for the linear

interpolation.

P(7)=1-3(N)+3-L(7)+7- (1) +11- LY(7)

o2
-
M= g1
o= v

f(7) ~ P,(7)=0.71429+3-(-1.5)+7 -(1.25)+11-(0.53571) = 10.85710

Compare with the linear interpolation

R(N=7-1)+11-19(7)

7-8

W(7)=——=0.25

L'(7)= 1.8

LO(7)= % 075
8-4

f(7)= P(7)=7-(0.25)+11-(0.75)=10
THE ERROR TERM IN THE LAGRANGIAN INTERPOLATION
™ (x) = f(x)-P,(x)

Applying Rolle’s theorem we may find that

feNE] %) [Ttx-x)
S(n)(X) — i=0 < fm(g;rl) i=0 for
(n+1)! (n+1)!
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Example

Given f(x) = In(x), xe[1,2], n=3 — "=

Remarks

6
x*

e9(x) < %(x-xo)(x-xl)(x-xz)

- fr=6 —

2008-04-08

e The interpolating polynomials y of degree n reproduces exactly the polynomial

function f of degree n or less

e Lagrangian interpolation of higher orders becomes numerically not stable, therefore it
is not suggested to use n > 3

The reason is that monomials x" are not orthogonal to each other and hardly can be

distinguished for higher orders, e.g. x*> and x*
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><V
\

\
><V

Only monomials 1, x, X%, x® are clearly distinct from each other

Problems

Use the Lagrangian polynomial of degrees 1, 2, 3, 4 to evaluate approximately
f(1.25) and f(1.15). The function f(x) is given in a discrete form :

x | 10 1.1 1.2 1.3 14
f(x) | 0.3679 | 0.3329 | 0.3012 | 0.2725 | 0.2466

8.4.INVERSE LAGRANGIAN INTERPOLATION

Let
f(x):Zai¢i(X) - X(f):Zbi‘//i(f)

In many cases the contrasting question is asked : “find the value of the variable x at
which the function f (x) takes on a particular value” ( zero say) .

f single -
valued

: function

>

X

Sometimes, when x is a single-valued function of f(x) in the interval in question — it is
convenient to use the Lagrangian interpolation formula

n f—1.
(=2 L (O =TT—" j=01,...,n
i=0 =0 5T

j#i

Such type of interpolation is called the inverse interpolation.
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Find x €[1.0, 2.0] for which f=0.50. The following values are given :

X

1.0

1.2

14

1.6

1.8

2.0

f(x)

0.000000

0.127524

0.302823

0.517000

0.764127

1.039725

L(0.5)=0.01122105
L'(0.5)=-0.04725516
L$)(0.5)=0.11677892

L$(0.5)=0.93966347
L(0.5)=-0.02204592
L®(0.5)=0.00163764

2008-04-08

Hence
5
x=Y xL9(0.5)=1.58505952
i=0

8.5.CHEBYCHEV POLYNOMIALS

In order to minimize the error term in the Lagrangian interpolation we may minimize the

H(x—xi) term by an appropriate choice of the interpolation nodes x;, i =0, 1, ..., n. We
i=0
may ask, therefore, to find

(x=2)(x=2%) (3,

min( max

x, \-l<x<1

The solution is called Chebyshev polynomial of degree n, which is defined as

T,(x) =cos(narccos(x)) for —-1<x<1

The Chebyshev polynomials satisfy a useful recurrence relation

Tn+1(X):2X'Tn(x)_Tn_1(X)| n:1,2,...

where
Ty(x) =cos(0)=1

T,(x) =cos(9)=x
Chebyshev polynomial has exactly n zeros on [—1,1] being located at

[2i+17z]
X; = COS —,
n 2

T, (%) =1

i=0,1, ...,n-1

Its maximum value is

Examples of some Chebychev polynomials of the lowest order
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T, =1 T, =X

T,=2x"-1 T, = 4x° - 3x

T,=8x"-8x*+1 T, =16x"-20x®+5x

> Ti(x)

0L AN
N\ VUV TUU

behavior of
even terms

behavior of
odd terms

Transformation to the interval [a,b]
z=%[(b—a)x+(b+a)] — x=m

b-a

ze[a,b] xe[-1,1]

Orthogonality (weighted)

The Chebyshev polynomials form an orthogonal set over [—1,1] with respect to the
weight function

,1.e.
1-x°

0 i#]j
I AL I S
ij o (1—X2 2

7z 1=j=0
Example

Find the Chebyshev polynomials in the interval [1,4]
27—(4+1
. - 2 (4+41) 2_ 5

4-1 3 3
2_5
T,=1 T,=—2——
0 1 3 3
2 3
T2:2(22—§j -1 T3=4(EZ—EJ —3(zz—§j
3 3 3 3 3 3
4 2 5 3
R R TR ST () R L R
3 3 3 3 3 3
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Remark

Choice of interpolation nodes in zeros of the Chebyshev polynomials increases
accuracy of interpolation

8.6. HERMITE INTERPOLATION

Given are :
e function values f; i=0,1,....,n
e values of the derivative f;’

Let us introduce an approximation polynomial
Poia (0 =2 F,0,()+2 f,9,(x)
i=0 j=0

where h;(x) and g;(x) are polynomials of degree 2n+1 satisfying the conditions

h(x)=6;,  1,j=0,1..,n @)
9;(x)=0,  i,j=01,..n @)
Differentiating P,,.,(x) we find

Poa =ZO fh; (%) +ZO f9,00= (%)
1= i=

If P, ,(X) is to interpolate the derivative values at x;, i=0, 1, ..., n, then
h,(x)=0, i,j=0,1,..,m (3)
g,(%) =9y, ILj=0,1,..,n 4)
Let us introduce a polynomial

Ij(x):l_io[(x—xi)2

i#]
When normalized it satisfies all conditions (1) and (3) except conditions
h;(x;)=1 and h,;(x;)=0.
However, if we write

hj(x):[a(x—xj)+b}lii[(x—xi)2 :[a(x—xj)+b]lj(x)

and require satisfaction of the conditions (1) we obtain

h; (%) 1. =[a(xk —xj)+bH:)[(xk ~x)" =0
as well as -

=0
f_/% n

h o) =] a(x=x )+b [0 =%)" =1 — b
i=0
i#]

hence we get
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From (3) we have then

and

we get

Hence

h (%) :al_l[(xk -x) +[a(xk —xj)+b]l}(xk) =0

i#]

2008-04-08

h}(xj):al_l[(xj —xi)2 {a(xj xj)+b]Ij(xj)=O - a

i#j

h;(x) :—I,-J((:)) [1—(x- X, )—I: E;ﬂ

Since the following holds

we finally have

In a similar way w

So that

I
_ 1 (m2
T2 = 1M2(x), j

=1

1;(x) (x)

i) (%)

h,(x) = L(j")z(x)[l—Z(x—xj ) Lg">'(xj)]

e may derive
g;(x) :(x—xj)L‘j“)Z(x)

—— , ,
=2L,(x;) L (x;) = 2L (x,)

Pyt (X) = Z FL200[ 1= 2(x=x, )L () ]+

n

J:

0

f

J

(x— X, ) L (x)

This is the Hermite interpolation formula.

In case when values fj' aregivenin x; ; j=0,1, ..., r<n the Hermite formula becomes

where

P () =000 f,+> 0,(0)f,
j=0 j=0
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{1—(x— X[ L (x;) + L<;>'(x,.)]} LY)LO(x),  j=01,...,r

h.(x) = _
P L ) j=r+1,.,n
X; =X,
and
gj(x) = (X_Xj)l—(jr)(x)l—(jn)(x)v J=01,...,r

The error term in the Hermite interpolating formula

)= 1) g%

where
() =] [(x-x%)

Example

Find Hermite interpolation satisfying the conditions

a) f()=f()=0, f()=1 f()=0 f =Ny, 0 l

by f(0)=1 f'(1)=0, f(0)=f()=0 f=N,, OA]]J:D;[

c) f(0)=f()=0, f(@)=0 f()=1 f =N, 1
fﬂﬂm

d f(@©)=0, f)=1 f0O)=f()=0 f=N, WO L

Ad a)

n=1, Xo=0, X1=I

f_l, f1:0, fo —f1 =0

&) I-x_1I-x Oy L ) x=0_x @ (yy_ L

Lo’ () = = T Lo (X) 3 L7 (x) = 0T L (x) |
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NOO

i L 00 1- 20 x; )L (x, )]+i f(x-x, )L (x) =

(57 ol ool 5] o ] [raeai] ool
() (2]

Ad b)
n=1, Xo=0, 1=l
fo: f1:0, fo =1, f1 =0

-0 (][0 )]0 52 0 (]2 ro 5]

Ad c)
n=1 Xo=0 X1‘:| i
f _O, f1=1, fo = fl =0

Ad d)

n=1, XQ:O, Xl,zl
fo: f1:0, fo :O, fl =1

Ny, = (x- I)(Ii)z

8.7.INTERPOLATION BY SPLINE FUNCTIONS

8.7.1. Introduction
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A
f(x)

8.7.2. Definition

A function which is a polynomial of degree k in each interval [x. X; ]and which has

(R B

continuous derivatives up to and including order k-1 is called a spline function of degree k.

Example
Given is
1-2x = S,(x) for X<-
S(X) =428+ 25x+9x* +x° = S,(X) for -3<x<-1
26 +19x+3x* - x° = S,(X) for -1<x<

Verify, that S(x) presents a cubic spline. Evaluate:

S.(X)=-2 S =
S, (x)= 25+18x+3x’ S, =18+6x
S,(x)=19+6x-3x? S, =6-6x
hence
S1(-3)=S5,(-3)=7 S,(1)=8;(-1)=11
S,(-3)=5,(-3)=-2 S,(-1)=S,(-1)=10
$,(-3)=5,(-3)=0 S,(-1)=S,(-1)=12

Examples
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Linear spline Quadratic spline

f(x)
SO .

f(x)
S(x)

X X

THE SPLINE S(x) of degree k on the tubular points X, X1, ..., X, 1S represented as :
S(x) = pk(x)+§bi (x—x)"

where -
p, (X) = iZk.;aix‘

is a polynomial of degree k and (x—x)* is a truncated power function defined as :

(x—x)" = (x=%)" if x-x >0
| 0 otherwise

8.7.3.  Extraconditions
In order to define a; coefficients in the interval [x,,x | additional k-1 conditions

should be imposed. We call them “natural” conditions, if all of them are imposed at the point
Xo.
Examples

S'(x,)=0 - for quadratic spline
S' (%) =0, S (x,)=0 - for cubic spline

Evaluation of a; and b; coefficients is then simple. Otherwise e.g. for conditions
S (%)=5(x,)=0
they cannot be obtained without solving full system of linear equations.

Example
Determine the quadratic spline on the tabular points xo, X1, ..., X, and such that

S (% )=0.
n-1
S(x)= pZ(X)+Zbi(X_Xi );
i=1
P,(X)= a, +a,x+a,x’
For xe[Xy, %]
S(% )= 3 +aX +a% = f(x)= 1,
S(y)=a +ax+ax = .. =f

S(x)=  a+2ax= .. =0
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Hence we have

= fo+a2X§' a1:'2X0a2' azz;
For xe [xj , xj+1]

j
S(Xj+1 ) = pz(xj+l )+ zbl (Xj+1 - Xi )E = fj+1
i=1

hence

j-1
fj+1 - pz(xj+1)'Zbi(Xj+1 - X )2
bj = i=1 ]
(Xj+1'xj)

So the coefficients b; are in this case defined explicitly.

Homework
e Evaluate coefficients b for cubic spline, if S'(x,)=0, S (x,)=0.

e Find the spline given in the first example; assume
S(%), S(%), S(%), S (%), S (%)

8.8. THE BEST APPROXIMATION

Introduction

f(x)
P. (X)
f() =P ()=a"p
e=f-P in [, X, ]
Xo Xn x >
Required

min |&] = main||f -P|

Approximation is the best with the respect to a chosen norm. Mostly are used :

(i) |le|, =max|e| - MINIMAX approximation (Chebyshev) : min max |f-P|

Xg S X< X,
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1
X 2
[Iezdx] — forf continuous
(i) [ef, =5\ EUCLIDEAN
1
N2
[Zsﬁ] — forf discrete
i=1
Example
i _1.1
Given " A P=5+ X
Pl(x) O/’/,
n 0] 1]2
X 1|12 ] 3 //O” °
fx) | 1| 1| 2
'
X

Find the best linear approximation using the norm ||,

P.(x) =a, +a,x
I = ”‘9”2 = Z(fi - Pa(X; ))2:(1-610-a1 Y+(1-a,-2a, ) +(2-a,-33, )’

i=0

ol

a=2['1(1'ao'al)'(l'ao'231)'30(2'30'331)]=0 — 2a3,+6a =4

—;: :2[-1(1-a0-al)-2(1-a0-2a1)-3(2-a0-3a1)]:0 — 6a,+14a,=9
1

Hence solution is

1.1
P,(X)==+—=X
(K=3%3

This is called the Least Squares Approach

8.9.LEAST SQUARES APPROACH

Let

Xn

| =j[f —iz_::aigoi(x)}z dx

Xo
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aa—;k=—2£¢k(x){f —iZl:aigoi(x)}dx:O, k=01, ...,n
Hence

| f(x)q)k(x)dx—gai [ 0,009, 00dx=0
Let X o

D, = j @ (X) g, (x) dx, F, =f f (X)g, (X) dx
Then : N

> ad, =F & ®da=F > a=07F

(n+?)><1:{ %, &, ’an}’ (Mg(m):[@ik]

(nf)xf{ . F, o o

If bases functions are orthogonal matrix @ is diagonal : ® =diag @, and coefficients a are
explicitly determined.

8.10. INNER PRODUCT

Given are functions f(x), g(x), xe[a,b]. Letus define the INNER PRODUCT :

b

[f(9g(x)dx  —if f and g are continuous
(f.9)=1",

Z f(x)g(x) —if f and g are discrete

i=0

Examples

a) given: f(x)=x, g(x)=2x*+1,  [ab]=[01]

(f,g)zj).x(2x2+1)dx:%(x4+x2) =1

0

b) given:
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x ] 00 ] 05] 08 ] 10
f(x) | 0.0 | 05 | 0.8 | 1.0
g)| 1.0 | 1.5 [ 2.28 | 3.0

3
(f.g)=>_ f(x)g(x )=0.0-1.0+0.5-1.5+0.8-2.28+1.0-3.0=5.574

i=0

2008-04-08

8.11. GENERATION OF ORTHOGONAL FUNCTIONS BY THE GRAM -
SCHMIDT PROCESS

Consider a linearly independent set of functions ¢;(x), j=0,1,...,m inan interval

[a,b]. We want to construct functions q;(x) so that

Let

hence

hence

and

Generally

let

0.4 !q,-(x)qk(x)dx (o ek .
)= “le0 if j=k PE=D
2.4, 04)a (%)

o (X) = @y (X)
0, (X) = @, (X) — 0, Gy (X) but (qp QO) =0

- _ =((p1,q0)
(ql_’::lo) ((p17q0) 0‘01(q07q0) - Qy (Qm%)
d,(X) = @,(X) — g, Uy (X) — 1, G (X)
s ey - o
(q2’q1)2(¢2’q1)_a02(qO’ql)_alz(ql’ql) - alzz(((g::;qll))

=0 =0

0,(0=0,(0 - 3,69

1,...,m
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Since we require that

(a5,9) =0 if i %k

we get
p-1

(qp’qj):(¢p’qj)_§aip(qi’qj):((Dp,qj)—ajp(qj,qj)
hence

a. :((Dp’qj) p:1,2,...,n

P -
(a;.9;) j=01,..,p-1
Example

Let p, =x', [a,b]=[0,2]

Then

(2.0;) = [ 2.0 0, (x) dx

Q=1

0, =X-ap-1
2
J‘x-ldx 22

2
0{01:(;—:_20:_:1

[1-10x X,
0

Q1:X_1

— 2

sz-ldx B s
3
A, =5 = 20:§
[1-1dx
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Oy = X" -8y - 1- 1 ~(X—1)-0(23 '(Xz -2X+§j
2
Ixs Ldx ep
4
a03=02 = 20:2
[1-1dx

0
2
!xs-(x—l)dx (%+L;)

_ - o —5_18
A3 =7 - : L o\ 2 5
Jx-1-(x-pax  (x-25+5)
0
f 2
3 2 6 2
!x (x -2x+3)dx (%-§x5+glx4)0 5
R 2y :l541634242:E:3
I(x2-2x+) o (XX 4 +§X)L *
. 3
18 2 12 2
=x>-2+—=(x-1)-3| X*-2x+= [=x*-3X, +—X-—=
ds 5( ) ( :J 2 * X
8.11.1.  Orthonormalization
(@.9)=9 — g =— - normalized function
(9.9)"
a; non-normalized function
8.11.2. Weighted orthogonalization
0 for i1#]
(qi,qu)_(qu’qi)_ Cjio for I=j

8.11.3. Weighted orthonormalization

(ai,Wa,-)=5ij

Homework
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e Solve the above example for orthonormalized functions q,, q,, g, calculated as

defined above

e Assume w(x)=x and solve the above example again
(i)  for orthogonalization
(i) for orthonormalization

8.12. APPROXIMATION IN A 2D DOMAIN

8.12.1. Lagrangian approximation over rectangular domain

Let a function f(x,y) be given over a rectangular domain.

A

f(x.y)

The basic concept of the Lagrangian approximation holds in 2D space

Let

if x=x; and y=Yy,
otherwise

1| L)

¢

n,m 1
. LP™(x,y) = {O
L' (x)

L™ (x, )= L) L™ ()

q; I—(in)(x)' L(jm)(y)

f(x.y)=

n m
i=0 j=0
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Example
n=3, m=4, i=1, j=3
L5 y) = L) L)

as shown in Figure above

2008-04-08
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Q. NUMERICAL DIFFERENTATION

Problem

Given is a discrete function f(x;), i=0, 1, ..., n. Find the derivative of this function at
a point X=x;.

Solution
9.1. BY MEANS OF THE APPROXIMATION AND DIFFERENTATION
Find an approximation of this function
f(x) =P, (x)=a"p(x)
and perform its differentiation. Then

dR (x) _

f(x)~ o @ o (X)

Example

Use the Lagrangian approximation
f(x)~ Z ali"(x) » f ()= Z a L™ (x)
i=0 i=0

e.g. in case of

fA e
(7//
//
7
//

s f,
/ f,

fo

>

Xo X X x

e (o)) L (e | () (xex)
0= ) ) ) () 0 ) (% %)

2X = X, = X,

()= 1, (% -%) (% - %) ! (X% ) (X, - %,) i (%= %) (% - %)
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Incaseof Xx,-X =X -%=h

: f f f
f (x):2—;2(2x-xl-x2)-2—hlz(2x-xO -x2)+ﬁ(2x-x0 - Xy )

hence finite difference formulas

‘ 3 2 1
f(XO):_EfO-FFfl_%fZ
f'(x,)= fo- o - central difference
! 2h
. 1 2 3
f(x,)= %fo'ﬁfl"'% f,

Let the following will be given

x 100 % [10
f(x) | 1.0 | 3, | 0.0

with the true function being  f(x)=x"*-2x*+1 — f (xX)=4x*-6x".

Using the above derived formula we get

X 00 | % % | 1.0
felxact 0.0 _1427 -1.0 -2.0

f;pprox % - %2 -1.0 - %

13
f'(x)~ 12[2x-1-1}%(2x-0-1j+ 0 (2x-0-1j2-5x+1
2-(2) 2 ) () 2) 5. 2)7 27 4

and the following values for the first derivative

9.2. GENERATION OF NUMERICAL DERIVATIVES BY UNDETERMINED

COEFFICIENTS METHOD

As may be seen above a numerical derivative of a function f(x) is a linear combination
of values of this function in some chosen points, e.g.

P00 =2a,f
j
where «,, are coefficients to be determined. We may find them :

(i)  expanding the function in the Taylor series about x = x, end equalizing both
sides of the above equation, or
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(i) imposing requirement that formula should be exact for monomials
k

X<, k=0,1,...,n up to the highest order n

Example
Required
f)=a,f+vafi+a,f,
Find
o, o, o, 1f X, =Xx-h and X, =x+h.
Let
S P
f=f(x=h) = f—hf +Zh°f —Zh*f"+ .. |
2 6
fi = = fi |05i
A P R
fo=f(x+h) = f +hf +§h f +Eh £+ .. |,
=0 =1
Of +1f, +0f +...=f (o, +a +a, )+ f (-ha,+ha,)+
A, il
+ f. Eh (o +a,)+ | Eh (o +a, )+
hence
_ 1
o, +o o, =0 %ia = 2h
-h-o,, +h-e, =1 - a, =0
Qi ta, =0 ai+1_i
2h
Finally
— 2 —
fi(x) = wﬁ‘_fi“g... = w+o(h2)
2h 6 2h

This is the central finite difference formula of the second order of accuracy
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Homework

e Derive the formula f (x)=a, ,f +a ,f ,+a T +af

e Derive the same formula using Lagrangian approximation. Find the derivative ’(2.5)

if

0.0

1.0

2.0

3.0

X
f(x)

0.0

1.0

8.0

27.0

Derive the same formulas by using approach (ii), i.e. substituting for f(x) subsequently x!,
J=0,1,...,k inorder to obtain simultaneous equations for «,,

k
Xr=>ax - «a
i=0

l

2008-04-08

1=01,..k
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10. NUMERICAL INTEGRATION

10.1. INTRODUCTION

Like in a case of numerical differentiation an approximation may be used in order to
replace the integrated function f(x). Thus

b b b
oo = [ F(0AX = [R()dx = [a'p(x)dx = 1y,

a
Some simplest cases are shown below

a) Y -0

A A A .
f(x) f(x) f(x)

*y

» »
a b x a b x a b

a) apprOX|mat|on by the zero order polynomial

J'f(x) dx =~ Jf dx=f J.dx = hf, - rectangular rule
b) apprOX|mat|on by the flrst order polynomial

j f(x)dx = j( X Fjolx :2(f0+ f,) - trapezoidal rule
c) apprOX|mat|on by the second order polynomial

If(x)dx I[f L (x) + f,L2(x) + f, L‘z)(x)]dx_— f, +4f,+ f,) - Simpson rule

Example

Evaluate

=/ (4)' -1]=0.5580782

Rectangular rule
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Trapezoidal rule
| =3(3-0)[ (1+0)/ +(1+4)! |- 05561862
Simpson rule
| ~3(2-0)[ (1+0)' +4(1+3)" +(1+3)} |= 05580734

General approach

If x,,—%=X—-X,=h=const — Newton - Cotes Formulas
Otherwise we consider Gauss Formulas

10.2. NEWTON — COTES FORMULAS

Let the equally spaced tabular points be denoted by x;,i=0, 1, ..., n, with a=x,+ ph,
b=x,+gh, p=>0, g<n. Using an interpolating formula based on these n+1 points we
have:

Introducing an independent variable s — x =X, +sh, we get

n

toy (% +sh)—(x, +kh) 0 1
f-hdx=h
J‘gl_l(x +jh) = (%, +kh) ! ,Z_;‘J;

After reorganization we get

4 1
Z: F[ (i-k)3 ik

Hence the j-th coefficient in the integrating formulas

o — o
]
—_
w
|
X
~
o
w

n
I = Zaj f;
j=0
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is given by

since

a, ) [nﬁﬂﬂds i=0,1,..,n

The following relation holds
b

|=£f(x)dx=§ajfj+5

where E =1-1_, isthe error term which may be evaluated for the Newton — Cotes formulas
as follows
opm+2 m+y 200
—— (") I [T (s—k)ds -for nodd ée(ab)
(n +1)! Y ke-Gra
E = 2
2hn+3 (n+2) i 2 2
(n+2)! f (”)lg(s -k )ds - for n even

The results of the above formulas may be presented in the tabular form given below.

Coefficients a% for NEWTON - COTES formulas (closed)

n j=0 | j=1 | j=2 | j=3 Error term Formula name
0 1 —h%f (&) Rectangular
1 1 1 —Lh*f @) Trapezoidal
2 1 4 1 R3] Simpson

s s s [ e ] -3

Conclusion

The Simpson formula displays the best accuracy up to third order integrating formulas.
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10.2.1.  Composite rules

f(x) f(x)
N > b X
a b X a
. two double subintervals
four subintervals composite Simpson rule
composite trapesoidal rule

Idea
We subdivide the interval [a,b] into a certain number of equal subintervals and apply

in each of them the same appropriate rule (rectangular, trapezoidal, ...). We get this way :

Composite rectangular rule

b n-1
J‘f(x)dthZfi+(b—a)gf(1)(77), a<n<b
i=0

a

Composite trapezoidal rule

j-f(x)dx h{l (fo+f,) +n2f,} )hzf(z)(n), a<n<b

a I

Composite Simpson rule

b _ 4
jfumng{ +fw+2§:g+4§:gﬁ} Q%§¥Lf“wny a<n<b
a i=0

Multiple integrals

m'-—-.c-

d(x)
j f (x, y) dydx
c(x)

Idea : Apply twice 1D rule, e.g. for Simpson integration

n-1 n-2
X g(@)+gb)+4> g(a+ jAx)+2 > g(a+ jax)
=1 j=2

j odd j even
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where :
d(a)
g(@)= [ f(ay)dy
c(a)
d(a+jAx)
g(a+ jAx)= I f (a+ jAx,y)dy
c(a+jAx)
d(b)
g(b)= | f(b,y)dy
c(b)
10.3. GAUSSIAN QUADRATURES
Find
b
| = [F(2)dz
Let
2z—-a-b b-a a+b
I=— X + —
b—a 2 2
dx:idz — dz:ﬁdx
b-a 2
=
b 1 1
dz b-a b—a
I=|F(z)dz=|F(z(x))—dx= X
[ Pa0) g o= 22 72
——
=J
Numerical quadrature

jlf(x) dx=zn:Wif(x,),

: i=12,...,n
i=1
n — number of sampling points

For arbitrary interval [a, b]

b-a

ZF(Z) dz :Tj;F(Z(X))dX b-a .1[1

2008-04-08

In the Gaussian integrating formulas we require 2n-1 order of accuracy, i.e. they should be
exact for monomials x*, k=0,1, 2, ...,2n-1

n 1 1
>w, xik:jxkdx:
i=1 -1

m[l_(_l)ku}

Example
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n=2 —» 2n-1=2.2-1=3, k=0,12,3

W+ w, =2 1
WX, +W,X, =0 w, =1 X, = "5 —0.5773502
W, X7 + W, X’ _2 = 1
1% 2% =73 w, =1 X, :+T= +0.5773502
WX+ W, X5 =0 3
Example
Find
4
| =[Vi+zdz = %(5\/5—1) = 6.78689
0
x:wzlz—l — ZzﬂX+M:2(X+1)
4-0 2 2 2
1
| =4—;0j\/2x+3 &x - f(x)=v2x+3
-1
=12 2[—i]+3 +1-2 z(i}s =6.79345
V3 V3 '
Error
| -1 _ 6.78689-6.79346 _ — 0.0009669 ~ —0.01%
I 6.78689
Remark
A
F(2)
_// One may use the composite formula
4 2 4
j dz :J' dz +|... dz
0 0 2
\*\/”/2 \/’/4 :Z

Composite Gaussian — Legendre integration
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m-1 m-1 n h x.

| =Y, = h >, f[—‘+1(z,+z,+l)}
i=0 2 i=0 j=0 2

z,=4a, zlzaTer, z,=b

10.3.1. Derivation of the general Gauss-Legendre quadratives

In order to find the general formula of Gaussian integration let us consider the Hermite
interpolations formula

:iz_n(;hi(x) f (xi)+§gi(x)f

where
h; (x) = [1 2(x=x;) }L JLA(x) i=0,1..n
gi(x =(x=x) L(x) |_O, 1,..,Nn
. ﬂfﬂ(x) f((§2)n+2)
2n+2)!

jlf(x)dx=§0: jlh'( dx+;j;9. dx + E,

Now, we choose an integrating formula of the form

1 n 1 f+2) 1
:flf(x)dx:;ai f(x)+ E . E =£de: 20+ 2)) _f;zf+1(x) dx

T

assuming that
1 1

Igi(x)f'(xi)dx:o - Igl ) dx = jx X ) L5 (x) dx=0

-1
i=0,1..,n
because f '(x : ) may assume arbitrary value. Since the following holds
L(X)_ ﬂ-r‘H—l(X)

_(X_Xi) ”'n+1(xi)

the requirement is

& 70 (X) Ly (x)dx

J‘ T

=0
e ﬂ-ln+l(xi)

This may be interpreted so that 7zn+l(x)should be orthogonal to all polynomials of degree n or
less on the interval [-1, 1].
The function 7Tn+1(X) which satisfies this requirement is the appropriate polynomial defined

by:
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R (x)=1
R(x)=x
pi(x):l[(zi—l)x PL(X)-(i-1) R, (x)] i=23 ..

namely the Legendre polynomials multiplied by the constant

2" [(n+1)1]
[2(n+1) ]!

The zeros of these polynomials are the required abscissas x. for our integrating formula.

Knowing the number of points we want to use in the integrating formula we consider the
zeros of the appropriate Legendre polynomial.
The coefficient «;, 1 =0, 1,..., n are found now by integrating

a, :jhi(x)dx: L'i(xi)j L ? dx

i
-1

These values are tabulated

Degree of Legendre Zeros of Legendre _
polynomials polynomials x, weights a
1 0 5
2 +5 1,1
%
3
£V $3

+ 0.3399810436 0.6521451549
+ 0.8611363116 0.3478548451
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10.3.2. Composite Gaussian — Legendre integration

m-1 hm—l n hy 1
I=>1 =— f Ly
; i 2; j:()al |: 2 2(X +X|+1)i|

where vy, j=0,1, ...,n are the zeros of the (n +1) th degree of Legendre polynomials.

10.3.3. Summary of the Gaussian integration

¢ b-a t_(b-a a+b b—a & b-a a+b
!F(z)dz_ 5 IF( X jdx_ 5 ZaiF(_z Xt —— j

-1 i=1

whereg; and x; are taken from the table. This formula is exact for polynomials up to the
2n—1 order. Usually the composite formula is being used.

A
F(z)

NY

10.3.4.  Special topics

Numerical integration can not be directly applied in case of singularity or infinite intervals.
The following measures may be applied then

1) The use of the welght functions and special quadratures
J. f(x)dx= IW x)dx = Za,y

Such approach is useful in case of smgularltles, for selected types of singularity.
As a result we come to Gauss — Chebyshev, Gauss — Laguerre, Gauss — Jacobi etc. formulas
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2) General way of dealing with singularities

Example

X
1—

dx - Approach: remove singularity by means of integration by parts

O L

>

first and apply numerical integration then

Jl' X dx=—x.2\/1—_x‘z+j2\/1—_xdx=2_l[\/1—_><dx
0 0 0

:

3) Integrals with infinite limits

Approach: eliminate infinite limits by appropriate change of variable

Example

sz e dx = sz e dx+‘[x2 e

1
Let X*=y' —» dx=——--d
y 2y7 y
0 ) 1 , l l i
J'xze‘x dx:sze‘X dx + =1, +1,
0 0 2 0
Remarks
Q) integration by parts required
1 -t 1 -t
J'ey :1 1_[ dy — etc
0 ¥” e 23"
1
(i) singularity due to e ¥ remains
Lte yey 11d(ely) 1 3}t
i) = —j > === =—+>[y% " dy
20y Y72l YRl T e
and
1 1
limy?e ¥ =0

y—0,
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