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Computational model - discretization

Requirements to be satisfied by computational model

In computational model we must guarantee:

» continuity of displacements (at nodes, where elements are
connected)

» satisfaction of kinematic constraints

» satisfaction of equilibrium equations for the structure and any
substructure (e.g. a node or element)
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Computational model - discretization

Discretization process - mesh generation

Bar structure is idealized as a discrete system of elements and nodes
» Numbering nodes

» Numbering elements

» Specification of relations between elements and nodes (topology of

discrete model)
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Truss element description (2D)

Definitions of mechanical variables

Definitions of displacement, strain and cross-section force in the bar
under tension/compression

u(z) = {u(@)}, e(x) ={eo(x)}, s(x)={N(z)}

Kinematic and physical equation for a point
P(xz,y,z) = P(x,0,0) = P(z) on bar axis

€ du e = Lu d
= — — — — | —
07 dz ’ dz

N=FA-¢g — s=De, D=][FA4]
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Truss element description (2D)

Displacement approximation in element (local) coordinate system 0x°

Number of local dofs of a node ndof,, = 1 and element ndof¢ = 2.

|

= — d, = {uy
g . le [1x1] )
1 ae — Je,Je — ue7ue
le c{;:u% [2x1] { 1 2} { 1 2}
U u© = {u©) =N - d&° -
[1x1] [1x2] [2x1]
Je
) Z[(l—f)ﬁ}'[gé
& = uS e
x
— where ¢ = m normalized coordinate
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Truss element description (2D)

Strain, normal force and stiffness matrix in element (local) coordinate
system 0x°

e(€) = {co()} = LN°(¢)-d°=B(¢) - d° = [ -+ & }.[ Iy

[1x1] [1x2] [2x1]

S(§) ={N(€)} = D -B(g)- d° =[BAF-[ % £ ].[ h

Element stiffness matrix in local coordinate system

le

. EA\® 1 -1
K¢ = | BTDBdxr = [ =— | .
2x2) / ! ( L ) { -1 1 }
0
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Truss element description (2D)

Description of truss element in global coordinate set 0.XY

Number of global dofs of a node NDOF,, = 2 and element NDOF*® =4
(c = cosa®, s = sin a®)

v, d
d, :{uwavw}
[2x1]
d® ={di,ds,ds,ds} =
[4)(1] { 1,W2,W3, 4}

= {uy,v1,u2,va}

dy
d2 — T¢ . g°¢
d3 [2x4] [4x1]
dy

de :TeT_ ae
[4x1] [4x2] [2x1]

Truss element description (2D)

Transformation of element stiffness matrix

YA

1 12 €T

Global stiffness matrix: (¢ = cos a®, s = sin a)

cc ¢s —cc —cs
K¢ — (TTRT)" = EA ¢ . cs 8§ —cS —SS
[4x4] - —cc —cs  cc cs

—CS —S8S§ CS SS

. A’ﬁl‘
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Flowchart of FEM algorithm for statics

Computation of stiffness
Discretization matrices and nodal load Assembly
vectors for elements

Consideration Computation of nodal Return to each ele-
of boundary displacement  vector ment to compute
conditions and reaction vector nodal force vectors

System balance Element balance

Kd=w+z+r (orazw.b.) f¢ = K°d® — z°

YY) [y KTl
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Example computations for 2D truss

Problem definition and discretization
Longit. stiffness £A = 10*kN

Elem.1:l=4,¢=0,s=1

y
dg 50kN/m  Ads Elem.2: [ =5, —¢=0.6, s = 0.8
35kN - o 3 "
Elem.3:1=3,¢c=1,s5s=0
Incidence matrix
1 3
TOP=1| 2 3
3 4
Te _ | €08 a sina“ 0 0
o 0 0 cosa® sina
cc cs —cc —cs
Ke — EA cs ss —cs —8s
3 (ax4]  Le —cc  —cS cc cSs
' ' —cs —S8s cs Ss
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Example computations for 2D truss

Stiffness matrices in global coordinate set for all elements and assembly

L0 00 0 0 0o 0 1
Kl- 100 1 0 -1 | _| 0 2500 | 0 —2500 2
T4 0 0 0 o | | 0 00 0| 5
L 0 -1 0 1 0 —2500 | 0 2500 | 6
, [ 036048 —0.36 0.48 720 —960 —720 960 3
K2 100 | —048 0.64 0.48 —0.64 | _ | —960 1280 960 —1280 4
~ 5 —0.36 0.48 0.36 —0.48 | — | —720 960 720 —960 5
| 0.48 —0.64 —0.48 0.64 960 —1280 —960 1280 6
L[ 1 0 -1 0 3333 0 -3333 07 5
K3 - 10° 0 0 0 0 |_ 0 0 0 0 | 6
T3 -1 0 1 0 | | —3333 0 3333 0 | 7
| 0 0 0 0 0 0 0 0] 8
1 1 -1
2
3
4
K= — 5
6
7
8

i, KTl
VY x| T
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Example computations for 2D truss

Substitute nodal force vectors for all loaded elements and assembly

le
i ~ T xe xe
26 ze :/ N pm(m)dx’N: |:]_— l_e’l_e:|
o 0
<5
! 1 z 60
_1 -7 _
z_/[ z ]3de—|:60]
0
0 1
30 1 _ mpINT21 60 2
z =(T" ) z = 0 5
60 6
—75 5
2 3 0 6
z" =0, z° =
z9 —75 7
) 2 0 8
p— 0 —
60
0
z = E z¢ = 0
- - —75
60
Z6 e
T = 2 ngzj —75
(6 O | 0 |

s A
YY) [n] nKTht]
Computational Methods, 2020 © J.Pamin :';"{( @ \//\e



Example computations for 2D truss

Set of equations, boundary conditions, solution

y
dg 50kN/m  \ds

w’ ={0,0,0,0,35,0,0,0}
r’ = {Ri1, R2, R3, R4,0,0, R7, Rg}

Boundary conditions:
di=dy=d3s=d; =dg =0, dg = —0.01

Cross out rows and columns for which
d; = 0 to obtain 3x3 set

L
0 ~ [} o1 = w N -

A

KT/

lfﬁn‘ N ]
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Example computations for 2D truss

Solution, nodal displacements

1280 960 [ —0.01 0 0 Ry 4
960 0472043333 0—960+40 ds = =75 |4+ 35 |+ 0 5
—1280 0—-960-+0 25004 128040 | de 60 0 0 6
1280 960 —1280 [ —0.01 Ry
960 4053 —960 ds = | —40
—1280 —960 3780 de 60
-0.0048
- ds = —0.0048, dg = 0.0112
0.0112 | N ) 0 )
0
0
—0.01
d = —0.0048
0.0112
0
A . 0
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Example computations for 2D truss
Solution, support reactions (notice truncation errors)

r=Kd-z-w

i 0 T T 0 7 i 0 }
0 60 —88.00
0 0 23.81 35 % 150
- K —0.01 B 0 _ —31.74 257
—0.0048 —40 0490
0.0112 60 =026 0
0 —75 91.00 120 T
i 0 4 L 0 i 0 ]

Check equilibrium:

Al 23.81
ZX — —150+35+91.00+23.81 = —0.19 ;
|31.74

Z Y = 120 — 88.00 — 31.74 = 0.26

Z M, = —150-44-35-4491.00-44+31.74-3 = —0.78

m KTl
NAY| [y KT
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Example computations for 2D truss

Return to elements to compute nodal forces
Element 1
fl — Tl(Kldl _ Zl)
dq
1 | a
d —[32 ] o _ [ —88.00
’ ~ | —32.00 %\;—48
Element 2 I

f'Q — T2 (K2d2)

Q2 — 5
Eak I_,2_[—39.60]

39.60
Element 3 ﬁ
f'S — T3(K3d3 . Z3) -
5 &5 Normal force diagram
— 6
=1 | e _ [ 59.00
; ~ | 91.00 Check equilibrium of node 3

m +KTwl]
YAy [y ] KThel
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2D truss - second example

Problem definition and discretization

10 kN

\ 4

E=10 GPa
A=0.001 m*

4m

A é l subsidence

3m /||/ A=0.001m

m KTl
NAY| [y KT
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2D truss - second example

Input data
Incidence matrix
Stiffness matrix K¢ 1 2
TOP=1| 2 3
EFA _EA 1 3
e e\ le le
K¢ (EA,I) = A EA
le le
Longitudinal stiffness
EA=1-10*
Transformation matrix T¢
e . | cosa sina O 0
T(cos o, sinar) = 0 0 cosa sina

M +KThwl]
YA [sy] KT
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2D truss - second example

Computation of transformation matrix and stiffness matrix in local and
global coordinate set for element 1

2 — 3 40—, l(l):\/x(1)2+y(1)2
B Y
cosa™ = ) sino = 6
Y=y1,\ T! — T¢ ( cos Otl, sin al)
a'=0° p_[1 000
1 :=X1 2 0O 0 1 0
o eerma 1) o1 [ 33333 —3.3333] 4
K K(EA, ) K = [ —3.3333 3.3333 10
3.3333 0 —-3.3333 0
1 _ m1T1ml 1_ 0 0 0 0| .43
K =T KT K= —3.3333 0 3.3333 0 10
0 0 0 0

T +KTwl/
YAy [y KThl
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2D truss - second example

Computation of transformation matrix and stiffness matrix in local and
global coordinate set for element 2

3

2@ = 3 @ g @ = \/x@)? +y@)2
[(2)’ 12
*=126.87° T? = T(cos a?, sin a?)

o _ [ —06 038 0 0
- 0 0 —06 0.8

COS Od2 =

K- K(BAI®) K| 2 ‘3}103
0.72 —-0.96 —-0.72 0.96
> T oo , | —0.96 128 096 —128 | 4
Ko =T KT K= —0.72 0.96 0.72 —-0.96 10
096 —1.28 —0.96 1.28

+KTlwl/

llﬁl‘ " b
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2D truss - second example

Computation of transformation matrix and stiffness matrix in local and
global coordinate set for element 3

3

2D truss - second example

23 — (3) — (3) — /(32 (3)2
=0, y/' =4, 1 +y

,_o®
cosa” =~y sina” =
T3 = T%(cos o?,sin o)

01 00
3 _
= [ 0 0 01 ]

- [ 25 —25
3 _ 103

K'=1 95 25 ] 10

0 0 0 0
0 25 0 -25

3
K" = 0 0 0 0
0 =25 0 2.5

103

Y ]
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Assembly of stiffness matrix for element 1 into global stiffness matrix

12,3 4
1/)( X| XX
X X[ XX
3}( XX &
4 X | XX

Assembly - Element 1

1 2

5 6

NN

3 4
1 X | X

XXX%?
XX
XX | XX

) o EN w

L. O

Kig K1
K3 K34
Kag Kgq
Kis Kia
(0] 0]
0 0

3.3333 0 —3.3333

0
—3.3333

o O O

0
0

0
0
0

0
3.3333
0
0
0

o o o o o o

o o © o o o

O O OO OO
OO OO OO

-103
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2D truss - second example

Assembly of stiffness matrix for element 2 into global stiffness matrix

3 4 5 6
3
-~
\
3 4 5 6
X | X
X | X
N/ | N\
R X7
\VAR4
N\ | /N
vV
2 \ /
6

2D truss - second example

Kiy Kip  Kig Kl o o ]
Ky Ky Kig K3y o o

K — Kz K3y Kgg+ K3 K3, + K7y Kig K,
Ky Kip Kig+ K3 Kj, + K3, K33 K3,
0 K3 K3, K3y K3,
IERTES N S

- 3.3333 0 —3.3333 0 0 0 7
00 0 0 0 0
—3.3333 0 4.0533 —0.96 —0.72 0.96
00 —0.96 1.28 0.96 —1.28
00 —0.72 0.96 0.72 —0.96

| 00 0.96 —1.28 —0.96 1.28 |

-103

Y| \ISTI“I/‘
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Assembly of stiffness matrix for element 3 into global stiffness matrix

Q0|00

O
O
@)
O

Assembly - Element 3

1 2,3 4,5 6
XX X|X|OQ
XXX |X|IOO
X|X|X| X
XXX X
OO 08
OO @

1 3 1 3
K21 + K21 K22 + K22

[ 1 3 1 3
Kll + Kll K12 + K12

Kk
Kk
K
K3

3.3333

0

—3.3333

0

0

0

1

Kis
1

K3s

32
Ko

K3, K3

K,

0 —3.3333

2.5 0

0 4.0533

0 —0.96

0 —0.72

—-2.5 0.96
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1
K14

1
K24

1 2 1 2
Kag + K7 K3g + Ki,

1 2 1 2
Ky + K5y Kyy+ Koy

2 3 .2 3
K3g + K33 K3y + K3y

2 3 2 3
Kis T Kj3 Kjy + K

K,
<2,

0 0

0 0

—0.96 —0.72

1.28 0.96

0.96 0.72

—1.28 —0.96

0
—2.5
0.96
—1.28
—0.96

3.78

44

103
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2D truss - second example

Load vector and substitute load vector due to imposed displacement A

S
0
. 0
- 0
0
__10_
S
0
0
doc = | 001
0
L O -
f:W—dec

[ | KTl
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2D truss - second example
Imposition of boundary conditions K — K, f — f
d6 --{\11 K1 K13 K1z K715 f\16- 0 00— -Rl-
de =0 Ko1 Koo Koz Koz Koz Kog 0 0 Ry
[> 5 — K31 K32 K33 Kzs K35 K3g d3 _ 0 n 0
K1 Ko Kaz3 Kaa Kas Ko —A 0 Rz
K51 K55 Kse 0 0 Rs
Kes Kes Koo de | —10 | | 0 |
10 0 00 O 0
01 0 00 O 0
dy =0 K — 0 0 Kz3 00 Kz P /3
00 O 10 O ’ 0
00 O O1 O 0
0 0 K¢z 0 0 Kgg 6
Y [z ] KTl
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2D truss - second example

Computation of nodal displacements

d=K ' f+dg

.1073

2D truss - second example

Determination of support reactions

r=Kd-w

[ —1.6667 |
77778

2.2222
1.6667

= 1.667

ldG —3.111-1073

ds =5-1074

dy=1-10"3

valray
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2D truss - second example

Return to element to compute nodal forces - diagram of nodal forces

Element 1
dy
dl — d2
[ 0
Element 2
ds

2
d* = [ ot
dg
Element 3
dy

3
.
dg

|

|

|

f'l — Tl (Kldl)

f_ [ —1.6667 ]

1.6667

f‘2 — T2(K2d2)

e _ [ 27778
— | —2.7778

7.778

f3 = T3(K3d?)

o _ [ TTTT8
| -7

LYY
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