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Equilibrium state
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Body force density vector [N/m3]

ρb = ρ

 0
0
−g


Traction vector [N/m2]

t =

 txty
tz


Displacement vector, strain tensor, stress tensor (Voigt’s notation)

u=

[
ux
uy
uz

]
, ε=
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εxx εxy εxz
εxy εyy εyz
εxz εyz εzz

]
→
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γxy
γyz
γzx

, σ=
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σxz σyz σzz
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σy
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τxy
τyz
τzx
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Equilibrium state

Y

Z

X

S

n

t

u(x, y, z)

ρb(x, y, z)

P

P ′

V

Equilibrium equations for a body∫
S

tdS +
∫
V

ρbdV = 0

Static boundary conditions

t = σn

where σ – stress tensor

Using Green–Gauss–Ostrogradsky theorem∫
S

σndS =
∫
V

LTσdV where L – differential operator matrix
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Equilibrium equations

Navier’s equations∫
V

(
LTσ + ρb

)
dV = 0⇐⇒LTσ + ρb = 0 ∀P ∈ V

σij,j + ρbi = 0

Weak formulation – weighting function w ≡ δu – kinematically
admissible displacement variation∫

V

(δu)T (LTσ + ρb
)

dV = 0 ∀δu
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Equilibrium equations

Navier’s equations∫
V

(
LTσ + ρb

)
dV = 0⇐⇒LTσ + ρb = 0 ∀P ∈ V

σij,j + ρbi = 0

Weak formulation – weighting function w ≡ δu – kinematically
admissible displacement variation – it is virtual work principle∫

V

(δu)T (LTσ + ρb
)

dV = 0 ∀δu

∫
V

(Lδu)TσdV =
∫
S

(δu)TtdS +
∫
V

(δu)TρbdV

work of internal forces work of external forces
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FEM discretization (n=NNE, N=NDOF, E=NE)

Displacement field approximation

ueh =
n∑
i=1

Ne
i (ξ, η, ζ)dei = Nede

Ne
[3×3n]

=

 Ne
1 0 0 . . . Ne

n 0 0
0 Ne

1 0 . . . 0 Ne
n 0

0 0 Ne
1 . . . 0 0 Ne

n

 de
[3n×1]

=

 de1. . .
den
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p
de

[3n×1]
= ITe

[3n×N ]
d

[N×1]

ITe=Te IBe – transformation matrix which defines topology ( IBe) and directional
cosines of angles between the axes of global and local coordinate set (Te)
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Equilibrium equation of discretized structure

Equilibrium equation (ρbe = fe – body force vector)
E∑
e=1

{∫
V e

(Leδue)TσedV e −
∫
Se

(δue)TtedSe −
∫
V e

(δue)TfedV e
}

= 0
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Equilibrium equation of discretized structure

Equilibrium equation

E∑
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{∫
V e

BeTσedV e
}

=

E∑
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∫
V e
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}

Consideration of kinamatic and constitutive equations

linear elasticity: σ = Dε
linear kinematic relation: ε = Lu

σe = DeLeue = DeLeNede = DeBe ITed

Equilibrium equation
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Equilibrium equation of discretized structure

Equilibrium equation

E∑
e=1
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}
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∫
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Consideration of kinamatic and constitutive equations

linear elasticity: σ = Dε
linear kinematic relation: ε = Lu

σe = DeLeue = DeLeNede = DeBe ITed

Equilibrium equation

Kd = pb + p
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Plane stress (σz = 0)

Displacement vector

u = {u(x, y), v(x, y)}

Strain vector

ε = {εx, εy, γxy}

Stress vector

σ = {σx, σy, τxy}

Traction vector

t = {tx, ty}

Body force intensity vector

f = {fx, fy}

Constitutive matrix

D =
E

1− ν2

 1 ν 0
ν 1 0
0 0 1−ν

2


Differential operator matrix

L =


∂

∂x
0

0
∂

∂y
∂

∂y

∂

∂x
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Plane stress (σz = 0)

Stiffness matrix

ke =
∫
Ae
BeTDeBehedAe

Ae, he – FE area and thickness, resp.

Element loading vector

pe =
∫
Ae
NeTfehedAe

Boundary loading vector

peb =
∫

Γe
NeTtehedΓe

xe

ye

Γe

Ae
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FEs for panels

Three-noded element

ue(x, y) = Ne(x, y) de

Ne=
[
Ne
i 0 Ne

j 0 Ne
k 0

0 Ne
i 0 Ne

j 0 Ne
k

]
, de=


d1

d2

d3

d4

d5

d6


xe

ye

i

k

j

ed1

d2

d3

d4

d5

d6
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Statics of a panel
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8 −
1
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8 0 x(1)
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8 −
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8 − y
(1)

8



K1=

∫ 2

0

∫ 4

0
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T
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16 6 -1.6 -1.2 -8 -6 -6.4 1.2
6 28 1.2 10.4 -6 -14 -1.2 -24.4

-1.6 1.2 16 -6 -6.4 -1.2 -8 6
-1.2 10.4 -6 28 1.2 -24.4 6 -14
-8 -6 -6.4 1.2 16 6 -1.6 -1.2
-6 -14 -1.2 -24.4 6 28 1.2 10.4
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1.2 -24.4 6 -14 -1.2 10.4 -6 28
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∫
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tdΓ +

∫
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Assembly - stiffness matrix

K = IB1T
K1 IB1 + IB2T

K2 IB2

K=



16 -6 -1.6 1.2 0 0 -6.4 -1.2 -8 6
-6 28 -1.2 10.4 0 0 1.2 -24.4 6 -14
-1.6 -1.2 42.4 -6 -19.2 7.2 -8 -6 -13.6 6
1.2 10.4 -6 54.4 4.8 -7.2 -6 -14 6 -43.6

0 0 -19.2 4.8 19.2 0 0 0 0 -4.8
0 0 7.2 -7.2 0 7.2 0 0 -7.2 0

-6.4 1.2 -8 -6 0 0 16 6 -1.6 -1.2
-1.2 -24.4 -6 -14 0 0 6 28 1.2 10.4
-8 6 -13.6 6 0 -7.2 -1.6 1.2 23.2 -6
6 -14 6 -43.6 -4.8 0 -1.2 10.4 -6 47.2


· 105
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FEM set of equations: Kd = P+Pb
16 -6 -1.6 1.2 0 0 -6.4 -1.2 -8 6
-6 28 -1.2 10.4 0 0 1.2 -24.4 6 -14
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0 0 7.2 -7.2 0 7.2 0 0 -7.2 0

-6.4 1.2 -8 -6 0 0 16 6 -1.6 -1.2
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6 -14 6 -43.6 -4.8 0 -1.2 10.4 -6 47.2

· 105

d1
d2
d3
d4
d5
d6
d7
d8
d9
d10

 =


0
-8
0

-16.5
0
-7
0
0
0
0

 +

R1
R2
0
0
0
0
R7
R8
0
0



Solution:

d = {0 0 3.881 -11.03 3.949 -19.62 0 0 -3.744 -10.75} · 10−5 m

R = {-54 16.744 0 0 0 0 54 14.756 0 0} kN
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d14 =d10

Return to element: Element 1

d1 = IB1d = {0 0 -3.744 -10.75 3.881 -11.03 0 0} · 10−5

ε1 = B1d1

ε1 =

[
0.953y − 0.936
−0.034x

0.953x− 0.034y − 2.688

]
· 10−5, ε1(2, 1) =

[
1.708
6.831
−81.600

]
· 10−7

σ1 = Dε1

σ1 =

[
182.976y − 179.712− 1.632x
45.744y − 44.928− 6.528x
68.616x− 2.448y − 193.536

]
, σ1(2, 1) =

[
0

−12.297
−58.750

]
kPa
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