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Isoparametric transformation

transformation
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Isoparametric transformation

transformation

(I‘j.,yj) (_17_1) (17_1)
actual element 'parent’ element

Element stiffness matrix and load vector

k= [ B°TDB¢hcdzdy
Ae

pe:/ NeTeenedady

A€ h¢ — area and thickness of FE

N
Computational Methods, 2020 (© J.Pamin |3



Isoparametric transformation

transformation n

('17'1) (17_1)

actual element 'parent’ element

Interpolation of displacement Shape functions
vector components N(§ n) = [N- N; Ny Nz]
’ - ¢ J

u(,m) = N(&,m)uy, Ni(&,m) =21 - &)1 —n)
v(€,m) = N n)vn Nj(€m) = 1A+ —n)
u, = {u; uj up w} Ne(€&n) =531+ +n)
v = {vi vj vk v} Ni(&,m) =11 -6 +n)
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Isoparametric transformation

transformation n

(j,95) (-1,-1) (1,-1)
'parent’ element

actual element
Interpolation of actual (model) Shape functions

coordinates N(&,m) = [N N;j Ni Nj]

x(fﬂ?) :N(évn)xn Ni(gvn): 411(1_5)(1_77)
y(&m) = N m)yn Nj(&m) = 21+ &)1 - 1)
Xn = {@; xj wx 21} Ni(&,m) = 31+ €1 +n)
Yo = {¥i ¥ yr wi} Ni(¢,n) =311-81+n)
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Isoparametric transformation

transformation

(I‘j.,yj) (_17_1) (17_1)
actual element 'parent’ element

Transformation (chain rule)

e 895 9% e ¢ 8xd Oor Oz

= o T __[de]_1| %€ an| [
- dy % 4 4 5‘yd dy dy Oy dn
Y= 5¢ 0 9 o

J — Jacobi matrix

i \‘ 4
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Differentiation of multivariable function

Partial derivatives of function f(&,7n)

af Ofox Of dy aof dr Oy of
o ~ovog Toyoe _ | o | _ | B€ G| | o
af of ox Of Oy of dr Oy af
o ~owon oyon  Lon] [Lom el Loy
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Differentiation of multivariable function

Partial derivatives of function f(&,7n)

o _ofoxz  0fdy or] [[e= oy] [ of
0¢  Ox 9§ Oy O¢ . 0¢ _ o0& ¢ Ox
or _orox oroy | or | om ayl | o
on  Oxdn Oy on an | On On dy
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of o1
o5 | _ x| 0€
of | of
Ay an |
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Differentiation of multivariable function

Partial derivatives of function f(&,7n)

o _ofoxz  0fdy or] [[e= oy] [ of
0¢  Ox 9§ Oy O¢ . 0¢ _ o0& ¢ Ox
or _orox oroy | or | om ayl | o
on  Oxdn Oy on an | On On dy
) i
of o1
o5 | _ x| 0€
of | of
Ay an |

Integration

1 1
/A f(z, y)dzdy = [1 [1 F(@(&,m), y(€,m)) det Idédn
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Example - determination of conductivity matrix

transformation

Y n
(1,1)
13
(0=_2) (_17_1) (17_1)
actual element 'parent’ element

Interpolation of actual (model) coordinates
2(6,) = —2: 7 (1=O)(1 =) +0- 3 (1+(1—n) + 3 71+ 1+n) — 1-2(1—-E)1+7)
3 1
=g8tn+én
y(&m) = 121=8)(1=n) — 231+ (A —n) + 1.7 (+O(1+7) +3-7(1-(1-+n)
3 5

5 1
STt
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Example - determination of conductivity matrix

oxr Ox s 1 L1
s_| % @ _[§+§77 +5§]
| 9y 9y | 1 5,1

—= = -1t 1+3€

o0& On

3 1
z(§,m)=—-&+n+—¢&n
2 2

3 5 5 1
Yy, m=—-—-6+-n+-¢&n
4 4 4 4
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Example - determination of conductivity matrix

Jdr Ox s 1 L1
J_ o6 on :[ 3t 3an +§£]

Jdy Oy
06 On

ON ON

k= / B khBdedy, B=| 2% |=3-T| %
A a_N 3_N z(&n)=§€+n+%€n

oy on

3 5 5 1
Yy, mM=—-—-6+-n+-¢&n
4 4 4 4
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Example - determination of conductivity matrix

Shape function derivatives

31— 1 10 +2¢ —8—4¢
25+ 86 +3n [ 10—-2n 12+4n

ON

o8 | 1| -1+n 1-n 1+n —-1-9

ON | 4[-14& -1-¢& 1+& 1-¢

on

3 1
z(§,m)=—&+n+—£&n
2 2

3 5 5 1
y(E,mM=-——-€6+-n+—-¢&n
4 4 4 4
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Example - determination of conductivity matrix

Shape function derivatives

B 1 {10+2§ —8—45]

T 251813y 10—2p 1244y
ON
8_5 :1[—1-1-77 1—-n 1+n —1—77]
ON | T2 -14+¢ —1-¢ 146 1-¢
an

Matrix of shape function derivatives

B 1 —5+26+3n -26-2n 5+3(+2n -3¢(-3p
25+86+3n|—1+46—3n —5—4(+n 1+2(—n 5-2({+3p

N
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Example - determination of conductivity matrix

Conductivity matrix £ = 100, h = 0.1

k:/B(w,y)TkhB(x,y)dxdy
A

= / / B(z(&,m),y(&,m))  khB(z(€, 1), y(€, 1)) det Jdédn .

8.9488 —1.0827 —3.7421 —4.1240
—1.0827 6.1570 —1.8099 —3.2644
—3.7421 —1.8099 5.7670 —0.2149
—4.1240 —3.2644 —0.2149 7.6034

k =

(-1,-1) (1«’1)

Matrix of shape function derivatives

B 1 —5+26+3n -26-2n 5+3(+2n -3¢(-3p
25+86+3n|—1+46—3n —5—4(+n 1+2(—n 5-2({+3p
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