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Discretization error

Errors committed

» Modelling error
» Discretization error (of FEM approximation)

» Solution error

Methods of discretization error estimation
» hierarchical (Runge)
» explicit residual (implicit not considered here)
» based on averaging (Zienkiewicz-Zhu)

> interpolation error analysis (not considered here)
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FE approximation using linear functions

Example problem

Solve BVP using 4 linear elements
—u" +u=f, f=23-622+12, v € (0,5) 0
Bes: w(0) =0, u(b) =5 s

analt

Analytical solution:

uonalit — 3 — 622 + 62 1% 2 . 3 4

Approximate solution uy, (h - element size)

wp,

x 0 1 2 4 5

up || 0] 0.938 | -4.797 | 9.153 | 5 !

def
Error measure: € = u — uy,

1 [
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Hierarchical method e = Up /2 — Up

5
Un/2
Up

KTl

z 0] 05 1 15 2 3 4 45 |5
un 0 | 0.460 | 0.938 | -1.930 | -4.797 | -6.975 | -9.153 | -2.077 | 5
Un;s | 0 | 1.647 | 1.000 | -1.179 | -4.138 | -9.324 | -8.299 | -3.5643 | 5
Unja—un | 0| 1.178 | 0.062 | 0.751 | 0.660 | -2.349 | 0.855 | -1.467 | 0
nH= \/faj”_i“(uh/2 —up)2de — g = 0.69, nil = 0.59, il = 1.70, nif = 0.79
e 12 = Junje — unl® = [ (unj2 — un)?dz — ||| ~ 2.08
€H
||uh/2||2 = f05(uh/2)2dm = [|uny2|| = 12.35 — |||1|Lh/2”|| ~ 17%

KTl

Computational Methods, 2020 (© J.Pamin @ \//\J




Error estimation based on residuum (explicit)

Residuum of differential equation

—u" +u=f, f=a%—-62>+12 — R(z) = [ — (—u} + up)
Residuum provides bound on error

lel| < CI|R]|

In 2D (J - jump of 1st derivative)

le]|* < C(R?||R]]* + hl|T][*)

Error indicator in 1D element ¢

nﬁ:hi /f;'i+1R2dl‘, u%:O—)R:$3—61}2+12_U/h

Substitute interpolation for uy,, e.g.
nff = 1/ Jo {a — 622 + 12 — [0( — 1) + 0.938x]}2dz = 9.94
Compute relative error norm

W 559
-~ 33%
and compare solution quality in elements
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Error estimation based on smoothing ¢ = @), — u},

up A,

13+

o 1&2/5 -
_5 4

Smoothed solution derivative i), (through points determined at element edges)

"2 (dy — dp)

& —d ! - Y= nitha
17— 2 ~
E ~ vl 4 u':d2+y:dlﬁ+d2
- P hy 1 If hy = hs then i = d1;d2

@] = 4.2 (extrapolation to node 1),
il = —2.4, @ = —4.5, @, = 8.7, @l = 19.6

ne =\ [ — )2
ny = \/fol{[4.2(1 —2) + (—2.4)7] — 0.94}2dz = 1.93
ns = 2.35, 5 =8.09, nf = 3.14

1€5]12 = [ (@), — up)?de = 32, (n)? —

s
Il

e L ~ 57%
h

hi+h2o

KT
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