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Introduction

CI’

P
Bending stiffness is increased by tensile _4
forces and decreased by compressive forces.
A sufficiently large compressive force can
reduce the bending stiffness to zero and
structural buckling (instability mode) L
occurs.

w

AP
m linear elasticity: o, = Fe,
m static one-parameter load
m ideal system (no imperfections)

AP R
m equilibrium of buckled configuration Z,w
1
gx(x) = v/ (z) — 20" () + 5 (W' (z))? :
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Derivation of FEM equations

Energetic criterion of equilibrium

O=U-W

m & — total energy
m U - elastic energy: U = 3 [c,0,dV
v

m W — work of external forces: W = dTf

m d — dof vector (nodal displacement vector)
m f — external force vector

VIV (] KTt
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Derivation of FEM equations

Energetic criterion of equilibrium

O=U-W
m & — total energy

m U - elastic energy: U = 3 [c,0,dV
v

m W — work of external forces: W = dTf

m d — dof vector (nodal displacement vector)
m f — external force vector

Value of (compressive) normal force before buckling

Al
— =&z, Oz =

l

=

, 0y=Fe;, e =u = N(z)=FAu ()

S
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Energetic criterion

Elastic energy

1
U:—/ €4,0,dV
2 v
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Energetic criterion

Elastic energy

1
Uz—/ g 0p dV
2 )y
Ee,

N
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Energetic criterion

Elastic energy

1 2
U= -/ E=2dV
2 1%
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Energetic criterion

Elastic energy

1 2
U= -/ E=2dV
2 1%
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Energetic criterion

Elastic energy

1 2
U:—/Eade
2Jv
1 / 1 1 /22
U:—/E u — 2w + -w dv
2 )y 2

Elastic energy of discretized system

Y
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Energetic criterion

Elastic energy

1 2
= —/ EedV
2)v
1

Elastic energy of discretized system

1Z 1 2
_ el ell = el e
U—2Z /EE<u ZW —|—2w >dV
e=1
E 1€
U:%Z{/ {/E(u 1212 e"2+ we = 220w ut w2 — zwe”we'2)dAe}dxe}
— (o Ae

e
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Energetic criterion

Elastic energy

1 2
U= —/ Ee2dV
2 1%

Elastic energy of discretized system

1 1 °
U= 52 / E <ue/ — zw®"” + gwe'2> dve
e=l €
E 1€
:%Z{/ {/E(ue'2+z2we”2+ %we“}—QZue/we"+ue’we’Q—zwe"wea)dAe}dxe}
e=1-70 A% nonlinear term, upon linearization =2 0

\KThd

YAy
Computational Methods, 2020 © J.Pamin [PKC




Energetic criterion

Elastic energy

1 2
= —/ EedV
2)v
1

Elastic energy of discretized system
1.E 1 2
U = §Z {/ ) E <ue/ — zw®"’ + gwe'2> dVe}
U:%Z{/ {/ e/2+ 2,612 220 we e e 2 Zwel/weIQ)dAe}dxe}
O €

e=1

e
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Energetic criterion

Elastic energy

1 2
U= -/ E=2dV
2 1%

1 1 5\
U= 5/ E (u’ — 2w + §w’2) dv
\%
Elastic energy of discretized system
1 & 1 0\’
el ell el e
U:EZ{[/EE<U — Zw —|—§w )dV}

e=1

1 5
U=3> :{ / (EAeue'2+EIZwe”2+EAeue'we'2)dme}
0

e=ll

Yy
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Energetic criterion

Elastic energy

1 2
U= —/ Ee,dV
2
%
1 / " 1 12 ?
U=-[| E(u —zw" + -w dv
2 )y 2
Elastic energy of discretized system
1&E 1 2
_ el ell el2 e
U—ig_l{/veE<u — 2w —|—§w )dV}

(&

lE
/ (BA“w*+EIgw" [BAS we'2)d:ce}
0

normal force N€¢(x)

Yy
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Energetic criterion

Elastic energy

1 2
U= —/ Ee,dV
2
%
1 / " 1 12 ?
U=-[| E(u —zw" + -w dv
2 )y 2
Elastic energy of discretized system
1&E 1 2
_ el ell el2 e
U—ieg_l{/veE<u — 2w —|—§w ) dV}

lE

lE
Uzﬁz{ / (BA“u*+EIgwe" Ne(:z:)we'2>dxe}
e=1 0
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Discretization

Frame finite element
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Discretization

Frame finite element

Le(@®) =1— 2 L§(z®) = &
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Discretization

Frame finite element

Deflection w(z)¢ = N,d®, N, =[0 HS HS 0 HS HY

Yy
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Approximation

Elastic energy for discretized structure
1 o 2 2
U= 52{ / (EAeuel +EIw"+ Ne(x)we'z)dxe}

0

u(z)® = Nod® = N,T°d,  w(z)® = N,d® = N, T°d

N
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Approximation

Elastic energy for discretized structure

1

1 E
U= 52{ / (BA“u"+ BIgwe" Ne(m)we'z)dxe}
0

e=ll

u(z)® = N,d® = N, Td, w(z)® = N,d¢ = N, T°d

=
U=§Z{/o (BA“a™@ "N, "N T d+ BI;d TN NG T
e=1

+ NE(x)dTTeTN;UTN;UTed)dxe}

YAy \KThlg
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Approximation

Elastic energy for discretized structure

1€

1 E
U= 52{ / (BA“u"+ BIgwe" Ne(m)we'z)dxe}
0

e=ll

w(z)® = N,d® = N, T°d,  w(z)® = N,d°¢ = N, T°d

1oonf [
U=d" Z{ /0 (BA“T"N, "N+ BTN TN T
e=1

+ N@(x)TeTN;UTN;UTe)dxe} d

YAy \KThlg
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Approximation

Elastic energy for discretized structure

e

E
U:%Z{/O (EAEUEI2—|—EI; e//2 Ne( ) elQ)dxe}

u(z)® = Nod® = N,T°d,  w(z)® = N,d° = N, T°d

1 Z o
U=:d" {ZTeT /O (EAEN;TN; + EIZNZ,TNZ,> S
e=1

+ ZTGT )N, "N dxeTe} d

B
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Approximation

Elastic energy for discretized structure

2
U= 52{/ (EAeue/2+EI§we”2—|- Ne(x)we'Q)dxe}
e=1"0

u(z)® = N,d® = N, T¢d, w(z)® = N,d* = N, T°d

K¢ — linear stiffness matrix

1 E i
U=3dT ST / (BA*N,"N, + BI;N;, NG ) dat T
e=1 0

E @
+ > 1t / N¢(z)N', "N/, da® T° } d
=l 0

K¢ — initial stress matrix

e PR
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Approximation

Elastic energy for discretized structure

0

i3]

e=1

le
/ (EAeue/2—|-EIyewe“2+ Ne(x)we'Q)dxe}

U(l‘)e = Nude — NuTed, ’(,U(x)e = Nwde = NwTEd

1 E E
U= idT (ZT”KET@ = ZT”K;TS) d

e=1 e=1

N
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Approximation

Elastic energy for discretized structure

e
EAeu€'2—|—EIewe"2—|— N€(2)we? Jdat
o Y

w(z)® = N,d* = N,T°d,  w(z)° = N,d° = N, T°d

E E
1 T T T
= = e e Te KETE d
U=d ;T KT +; c

K K,

YAy \KThlg
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Approximation

Elastic energy for discretized structure
1 o 2 2
U= 52 / (EAeue' +EI§we” + Ne(m)welz)dxe
0

e=ll

u(z)® = N,d® = N, Td, w(r)® = N,d* = N, T°d

1
U:idT(KJrKc,)d

Y . KThel
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FEM equations for stability

Total energy

1
<I>:§dT(K+Ka)d—de

Y
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FEM equations for stability

Total energy

1
<I>:§dT(K+Ka)d—de

Minimization of energy

50 =0= (K+K,)d—f=0
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FEM equations for stability

Total energy

1
<I>:§dT(K+Ka)d—de

Minimization of energy

50 =0= (K+K,)d—f=0

Equations for two adjacent equilibrium states — before and after buckling

(K+K,)d' =f

(K +K,)d? = f /_ = (K+K;)Ad =0

Y| HE
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FEM equations for stability

Total energy

1
<I>:§dT(K+Ka)d—de

Minimization of energy

50 =0= (K+K,)d—f=0

Equations for two adjacent equilibrium states — before and after buckling

(K+K,)d' =f

(K +K,)d? = f /_ = (K+K;)Ad =0

equation is satisfied when
det (K+K,)=00r Ad=0
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FEM equations for stability

Total energy

1
<I>:§dT(K+Ka)d—de

Minimization of energy

50 =0= (K+K,)d—f=0

Equations for two adjacent equilibrium states — before and after buckling

(K+K,)d' =f
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FEM for frame buckling

Linear stiffness matrix — frame element

e
K¢ = / BeTDeBedxe
0

d
N7 e EA¢ 0
N = [N%ﬂ ., BE=LN°, L= | drg | De— { a0,
der
r EA EA ¢
- 0 0 —— 0 0
12EI 6EI 12E1 6EI
13 12 0 - 12
6EI  4BI 6EI 2EI
Ke — 12 l 12 l
EA EA
=== @ 0 == 0 0
1 1
12E] 6EI 12EI  6EI
B2 0 B2
6EI  2EI 6EI A4EI
— p— 0 ———— —
L 12 l 12 1

Y @\KFW ]
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FEM for frame buckling

Initial stress matrix — frame element

One-parameter loading f

K¢ = / N¢(z)N’, "N/ dz* lAR AP, AP

0
0o 0 0 0 0 01]°
0 36 3l 0 —36 3l

ke_Ne(x) 0 31 42 0 -3 -2

7 30c |0 O 0 0 O 0 Configurational loading f
0 —36 —31 0 36 -3l P Py
0 3l —I2 0 —31 42 |

f=M = k% =)k

(Y| HE
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Frame buckling

FEM algorithm

Statics — determination of normal forces

Kd=f= N®= k¢
Buckling — eigenproblem

(K + A\K,)Ad = 0 = )\, = Ad - buckling mode

Y
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Example

Cantilever

After computations of pre-buckling state:

N(z)=-1

Z
d2 ds
E AL N1 ds de

dli jd4 X

AN\
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Example

Cantilever

Buckling

(K + 2 K,)Ad =0

Z
$d2 ds
E, AL A1 ds de
dy @ J da X

W |
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Example

Cantilever

Buckling

(K + \K,)Ad =0

Al?

Ab oy Al g @ 00 000 0 Ad;7 O
0 12 6/ 0 -12 6l 036 31 0-36 3l Ada 0
EIl o 6 42 0 612 | 1103l 420-3 -2 Adz [_ |0
B|.AZ o o AZ o 301/{0 0 000 O Adg |~ |0
0 -12-61 0 12 -6l 0-36 -31 0 36 -3l Ads 0
0 622 0 -6l 42 0 31 -I12 0 -3 412 Adg 0
1
da ds
E AL N1 ds de
—
2 dy i jodi X

MY ()
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Example

Cantilever

Buckling

(K + \K,)Ad =0

A

Ab oy Al g @ 00 000 0 0 0
0 12 6/ 0 -12 6l 036 31 0-36 3l 0 0
EIl o 6 42 0 612 | 1103l 420-3 -2 0 [_]|o
B|.AZ o o AZ o 301/{0 0 000 O Adg |~ |0
0 -12-61 0 12 -6l 0-36-310 36 -31 | || Ads 0
0 622 0 -6l 42 0 31 -I12 0 -3 412 Adg 0
1
do ds
E AL N1 ds de
—>
7 dy i jodi X

MY ()
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Example

Cantilever

Buckling

(K + \K,)Ad =0

Al?

Ab oy Al g @ 00 000 0 0 0
0 12 6/ 0 -12 6l 036 31 0-36 3l 0 0
EIl o 6 42 0 612 | 1103l 420-3 -2 0 [_]|o
B|.AZ o o AZ o 301/{0 0 000 O Ady 0
0 -12-61 0 12 -6l 0-36-310 36 -31 | || Ads 0
0 622 0 -6l 42 0 31 -I12 0 -3 412 Adg 0
B[22 0 o 1 foo o\[ads] Jo
—| 0 12 61|+ A=|036 -3 | || Ads |=] 0
Blo laaz| o342/ ads] |o
1
do ds
E AL N1 ds de
—
ﬂ d1 % 7 d4 X

MY ()
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Example

Cantilever

Buckling

(K + \K,)Ad =0

Ab oy Al g @ 00 000 0 0

0
I
0 12 6/ 0 -12 6l 0 36 31 0-36 31 0 0
EIl o 6 42 0 612 | 1103l 420-3 -2 0 [_]|o
B|.AZ o o AZ o 301/{0 0 000 O Ady 0
0 -12-61 0 12 -6l 0-36 -31 0 36 -3l Ads 0
0 622 0 -6l 42 0 31 -I12 0 -3 412 Adg 0
Er[22 0 o 1 foo o\[ads] Jo
—| 0 12 -61[+A-=[036 -3 | || Ads |=|0
Plo -6 a2 0 -31 412 Ads 0
Ei[4F 0 o i||ve

0 12 6ll+r—|036-31||=0
Blo Zeraz| 3% o0-31 a2
di
do ds
A1 ds de
d1 % 7 d4
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Example

Cantilever

Buckling

(K + \K,)Ad =0

Ab oy Al g @ 00 000 0 0

0
I
0 12 6/ 0 -12 6l 036 30 0-36 3 0 0
EIl o 6 42 0 612 | 1103l 420-3 -2 0 0
B|.AZ o o AZ o 301/{0 0 000 O Adg |~ |0
0 -12-61 0 12 -6l 0-36-310 36 -31 | || Ads 0
0 622 0 -6l 42 0 31 -I12 0 -3 412 Adg 0
Er[22 0 o 1[oo oT\[ads] [o
—| 0 12 -61[+A-=[036 -3 | || Ads |=|0
Plo a2 0 -31 412 Ads 0
A2 EI
EIl%- 0 0 N 00 01 M = 2.486 -
0 12 -6l[+A=—|036 -3l || =0=
3 EI
Plo -eraz] 3% o0-31a2 A2 = 32181
71
da ds
E AL N1 ds de
—
ﬂ d1 % 7 d4 X
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Example

Cantilever

Buckling

(K + \K,)Ad =0

Ab oy Al g @ 00 000 0 0

0
I
0 12 6/ 0 -12 6l 036 31 0-36 3 0 0
EIl o 6 42 0 612 | 1103l 420-3 -2 0 [_]|o
B|.AZ o o AZ o 301/{0 0 000 O Ady 0
0 -12-61 0 12 -6l 0-36 -31 0 36 -3l Ads 0
0 622 0 -6l 42 0 31 -I12 0 -3 412 Adg 0
Er[22 0 o (oo o ads] [o
| 0 12 -61[+A=[036 -3 | || Ads |=|0
Plo -6 a2 0 -31 412 Ads 0
EI EI
Ei[45 0 0 1000 AL = 2.486— = Pan = 2.467—
| 0 12 6L[A-1036 30 || =0= o !
0 -6l 412 0 -31 41 A2 = 32181
“t
da ds
E, A1l 31 ds de
—
ﬂ d1 % 7 d4 X
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Example

Cantilever

Buckling modes

Buckling modes are determined from one of two linearly dependent
equations upon substitution of respective eigenvalue

Adg
for A1 i for Ao

Adg
Ads = 0.4171-Adg

Ads = 0.1821-Adg
0 © z° 0 lIe z°
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