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Przykład przepływu ciepła w 2D – elementy trójwęzłowe
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Przepływ ciepła w 2D

∫
A

(∇w)TDh∇TdA = −
∫

Γq

whq̂dΓ−
∫

ΓT

whqndΓ +
∫
A

whfdA

+ podstawowy warunek brzegowy

T = T̂ na ΓT

T = NΘ, w = Nw = wTNT, ∇T = BΘ

∇w = wTBT, D = kI, h = const
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Przykład przepływu ciepła w 2D – elementy trójwęzłowe
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Macierz K – element 1

N1 =
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1− 1
4x

1
4x−

1
3y

1
3y
]

B1 = ∇N =
[
−0.250 0.250 0.000

0.000 −0.333 0.333

]
K1 =

∫
A1

BTkBdA = A1BTkB

=

 0.338 −0.338 0.000
−0.388 0.938 −0.600

0.000 −0.600 0.600



K2 =

[
0.600 0.000 −0.600
0.000 0.338 −0.338
−0.600 −0.338 0.938

]
f1 = f2 =
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4
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]
f1b =
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0
0

]
,

f2b =

[
fb1
10

fb4 + 10

]

K =

[
0.938 −0.338 0.000 −0.600
−0.388 0.938 −0.600 0.000

0.000 −0.600 0.938 −0.338
−0.600 0.000 −0.338 0.938

]
f =
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fb =
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]

Θ =

[
20
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57.145
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Przykład przepływu ciepła w 2D – elementy trójwęzłowe
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Przykład przepływu ciepła w 2D – elementy trójwęzłowe
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Wektor strumienia ciepła – element 2
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Przykład przepływu ciepła w 2D – elementy czterowęzłowe
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Przykład przepływu ciepła w 2D – elementy czterowęzłowe
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Przepływ ciepła w 2D

∫
A

(∇w)TDh∇TdA = −
∫

Γq

whq̂dΓ−
∫

ΓT

whqndΓ +
∫
A

whfdA

+ podstawowy warunek brzegowy

T = T̂ na ΓT

T = NΘ, w = Nw = wTNT, ∇T = BΘ

∇w = wTBT, D = kI, h = const
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Przepływ ciepła w 2D

∫
A

(∇w)TDh∇TdA = −
∫

Γ
whqndΓ +

∫
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whfdA

+ podstawowy warunek brzegowy

T = T̂ na ΓT

T = NΘ, w = Nw = wTNT, ∇T = BΘ

∇w = wTBT, D = kI, h = const

wT
∫
A

BTkBdA Θ = −wT
∫

Γ
NTqndΓ + wT

∫
A

NTfdA ∀wT
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Przepływ ciepła w 2D

∫
A

(∇w)TDh∇TdA = −
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whfdA

+ podstawowy warunek brzegowy
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∇w = wTBT, D = kI, h = const∫
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K =

∫
A

BTkBdA, f =

∫
A

NTfdA, fb = −
∫

Γ

NTqndΓ
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Przepływ ciepła w 2D

∫
A

(∇w)TDh∇TdA = −
∫

Γ
whqndΓ +

∫
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whfdA

+ podstawowy warunek brzegowy
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∇w = wTBT, D = kI, h = const∫
A

BTkBdA Θ = −
∫

Γ
NTqndΓ +

∫
A

NTfdA

K =

∫
A

BTkBdA, f =

∫
A

NTfdA, fb = −
∫

Γ

NTqndΓ

KΘ = f + fb
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Przykład przepływu ciepła w 2D – elementy czterowęzłowe
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Macierz K – element 1

N1 =
[

(x(1)−2)(y(1)−3)
2·3

x(1)(y(1)−3)
−2·3

x(1)y(1)

2·3
(x(1)−2)y(1)

−2·3

]

B1 =∇N1 =

 y(1)−3
6

y(1)−3
−6

y(1)

6
y(1)

−6

x(1)−2
6

x(1)

−6
x(1)

6
x(1)−2
−6


K1 =

∫
A1

BTkBdA =

∫ 3

0

∫ 2

0

BTkBdx(1)dy(1) =

=

 0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350
0.025 −0.325 −0.350 0.650



K2 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
f1 = f2 =

[
3
3
3
3

]
f1
b

=

[
fb1
0
5

5 + fb4

]
,

f2
b

=

[
0
0
5
5

]

Θ =

 20
48.429
56.756

20
40.361
48.528



Metody obliczeniowe, 2020 c© P.Pluciński



Przykład przepływu ciepła w 2D – elementy czterowęzłowe

qn = 0

q
n

=
0

qn = 5 J/m2s

T
=

2
0
◦
C

k = 0.9 J/ms◦C

f = 2 J/m2s
h = 1 m

x(1)

y(1)

i j

kl

1

i j

kl

2

1 2

34

5

6

Macierz K – element 1

N1 =
[

(x(1)−2)(y(1)−3)
2·3

x(1)(y(1)−3)
−2·3

x(1)y(1)

2·3
(x(1)−2)y(1)

−2·3

]
B1 =∇N1 =

 y(1)−3
6

y(1)−3
−6

y(1)

6
y(1)

−6

x(1)−2
6

x(1)

−6
x(1)

6
x(1)−2
−6



K1 =

∫
A1

BTkBdA =

∫ 3

0

∫ 2

0

BTkBdx(1)dy(1) =

=

 0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350
0.025 −0.325 −0.350 0.650



K2 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
f1 = f2 =

[
3
3
3
3

]
f1
b

=

[
fb1
0
5

5 + fb4

]
,

f2
b

=

[
0
0
5
5

]

Θ =

 20
48.429
56.756

20
40.361
48.528


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Przykład przepływu ciepła w 2D – elementy czterowęzłowe

qn = 0

q
n

=
0

qn = 5 J/m2s

T
=

2
0
◦
C

k = 0.9 J/ms◦C

f = 2 J/m2s
h = 1 m

x(1)

y(1)

i j

kl

1

i j

kl

2

1 2

34

5

6

Macierz K – element 1

N1 =
[

(x(1)−2)(y(1)−3)
2·3

x(1)(y(1)−3)
−2·3

x(1)y(1)

2·3
(x(1)−2)y(1)

−2·3

]
B1 =∇N1 =

 y(1)−3
6

y(1)−3
−6

y(1)

6
y(1)

−6

x(1)−2
6

x(1)

−6
x(1)

6
x(1)−2
−6


K1 =

∫
A1

BTkBdA =

∫ 3

0

∫ 2

0

BTkBdx(1)dy(1) =

=

 0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350
0.025 −0.325 −0.350 0.650



K2 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
f1 = f2 =

[
3
3
3
3

]
f1
b

=

[
fb1
0
5

5 + fb4

]
,

f2
b

=

[
0
0
5
5

]

Θ =

 20
48.429
56.756

20
40.361
48.528


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Przykład przepływu ciepła w 2D – elementy czterowęzłowe

qn = 0

q
n

=
0

qn = 5 J/m2s

T
=

2
0
◦
C

k = 0.9 J/ms◦C

f = 2 J/m2s
h = 1 m

x(2)

y(2)

i j

kl

1

i j

kl

2

1 2

34

5

6

Macierz K – element 2

N2 =
[

(x(2)−2)(y(2)−3)
2·3

x(2)(y(2)−3)
−2·3

x(2)y(2)

2·3
(x(2)−2)y(2)

−2·3

]

B2 =∇N2 =

 y(2)−3
6

y(2)−3
−6

y(2)

6
y(2)

−6

x(2)−2
6

x(2)

−6
x(2)

6
x(2)−2
−6


K2 =

∫
A2

BTkBdA =

∫ 3

0

∫ 2

0

BTkBdx(2)dy(2) =

=

 0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350
0.025 −0.325 −0.350 0.650



K1 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]

K2 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
f1 = f2 =

[
3
3
3
3

]
f1
b

=

[
fb1
0
5

5 + fb4

]
,

f2
b

=

[
0
0
5
5

]

Θ =

 20
48.429
56.756

20
40.361
48.528


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Przykład przepływu ciepła w 2D – elementy czterowęzłowe

qn = 0

q
n

=
0

qn = 5 J/m2s

T
=

2
0
◦
C

k = 0.9 J/ms◦C

f = 2 J/m2s
h = 1 m

x(2)

y(2)

i j

kl

1

i j

kl

2
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6

Macierz K – element 2

N2 =
[

(x(2)−2)(y(2)−3)
2·3

x(2)(y(2)−3)
−2·3

x(2)y(2)

2·3
(x(2)−2)y(2)

−2·3

]
B2 =∇N2 =

 y(2)−3
6

y(2)−3
−6

y(2)

6
y(2)

−6

x(2)−2
6

x(2)

−6
x(2)

6
x(2)−2
−6



K2 =

∫
A2

BTkBdA =

∫ 3

0

∫ 2

0

BTkBdx(2)dy(2) =

=

 0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350
0.025 −0.325 −0.350 0.650



K1 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]

K2 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
f1 = f2 =

[
3
3
3
3

]
f1
b

=

[
fb1
0
5

5 + fb4

]
,

f2
b

=

[
0
0
5
5

]

Θ =

 20
48.429
56.756

20
40.361
48.528



Metody obliczeniowe, 2020 c© P.Pluciński



Przykład przepływu ciepła w 2D – elementy czterowęzłowe

qn = 0

q
n

=
0

qn = 5 J/m2s

T
=

2
0
◦
C

k = 0.9 J/ms◦C

f = 2 J/m2s
h = 1 m

x(2)

y(2)

i j

kl

1

i j

kl

2

1 2
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5

6

Macierz K – element 2

N2 =
[

(x(2)−2)(y(2)−3)
2·3

x(2)(y(2)−3)
−2·3

x(2)y(2)

2·3
(x(2)−2)y(2)

−2·3

]
B2 =∇N2 =

 y(2)−3
6

y(2)−3
−6

y(2)

6
y(2)

−6

x(2)−2
6

x(2)

−6
x(2)

6
x(2)−2
−6


K2 =

∫
A2

BTkBdA =

∫ 3

0

∫ 2

0

BTkBdx(2)dy(2) =

=

 0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350
0.025 −0.325 −0.350 0.650



K1 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]

K2 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
f1 = f2 =

[
3
3
3
3

]
f1
b

=

[
fb1
0
5

5 + fb4

]
,

f2
b

=

[
0
0
5
5

]

Θ =

 20
48.429
56.756

20
40.361
48.528


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Przykład przepływu ciepła w 2D – elementy czterowęzłowe

qn = 0

q
n

=
0

qn = 5 J/m2s

T
=

2
0
◦
C

k = 0.9 J/ms◦C

f = 2 J/m2s
h = 1 m

X

Y

i j

kl

1

i j

kl

2

1 2

34

5

6

Wektor f – element 1 i 2 - A1 = A2

fe =
∫
Ae

NTfdA =
f

4
Ae


1
1
1
1

 =


3
3
3
3


K1 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
K2 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]

f1 = f2 =

[
3
3
3
3

]
f1
b

=

[
fb1
0
5

5 + fb4

]
,

f2
b

=

[
0
0
5
5

]

Θ =

 20
48.429
56.756

20
40.361
48.528


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Przykład przepływu ciepła w 2D – elementy czterowęzłowe

qn = 0

q
n

=
0

qn = 5 J/m2s

T
=

2
0
◦
C

k = 0.9 J/ms◦C

f = 2 J/m2s
h = 1 m

x(1)

y(1)

i j

kl

1

i j

kl

2

1 2

34

5

6

Wektor fb – element 1

f1
b = −

∫
Γ1
ij

(N1)TqndΓ−
∫

Γ1
jk

(N1)TqndΓ

−
∫

Γ1
kl

(N1)TqndΓ−
∫

Γ1
li

(N1)TqndΓ

K1 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
K2 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
f1 = f2 =

[
3
3
3
3

]

f1
b

=

[
fb1
0
5

5 + fb4

]
,

f2
b

=

[
0
0
5
5

]

Θ =

 20
48.429
56.756

20
40.361
48.528


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Przykład przepływu ciepła w 2D – elementy czterowęzłowe

qn = 0

q
n

=
0

qn = 5 J/m2s

T
=

2
0
◦
C

k = 0.9 J/ms◦C

f = 2 J/m2s
h = 1 m

x(1)

y(1)

i j

kl

1

i j

kl

2
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34

5

6

Wektor fb – element 1

f1
b = −

∫
Γ1
ij

(N1)T qn

w.b. = 0
dΓ−

∫
Γ1
jk

(N1)TqndΓ

ciągłość strumienia
wzdłuż brzegu 5-6
qn

1
jk = −qn2

li

−
∫

Γ1
kl

(N1)TqndΓ−
∫

Γ1
li

(N1)TqndΓ

K1 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
K2 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
f1 = f2 =

[
3
3
3
3

]

f1
b

=

[
fb1
0
5

5 + fb4

]
,

f2
b

=

[
0
0
5
5

]

Θ =

 20
48.429
56.756

20
40.361
48.528


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Przykład przepływu ciepła w 2D – elementy czterowęzłowe
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C
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h = 1 m
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i j
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Wektor fb – element 1

f1
b = −

∫
Γ1
kl

(N1)TqndΓ−
∫

Γ1
li

(N1)TqndΓ

K1 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
K2 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
f1 = f2 =

[
3
3
3
3

]

f1
b

=

[
fb1
0
5

5 + fb4

]
,

f2
b

=

[
0
0
5
5

]

Θ =

 20
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Przykład przepływu ciepła w 2D – elementy czterowęzłowe

qn = 0

q
n
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0

qn = 5 J/m2s

T
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C
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f = 2 J/m2s
h = 1 m

x(1)
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Wektor fb – element 1

f1
b = −

∫
Γ1
kl

(N1)TqndΓ−
∫

Γ1
li

(N1)TqndΓ

−
∫

Γ1
kl

(N1)TqndΓ = −
∫ 2

0

(
N1(x(1), y(1) =3)

)T
(−5)dx(1)

=

 0
0
5
5



K1 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
K2 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
f1 = f2 =

[
3
3
3
3

]

f1
b

=

[
fb1
0
5

5 + fb4

]
,

f2
b

=

[
0
0
5
5

]

Θ =

 20
48.429
56.756

20
40.361
48.528


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Przykład przepływu ciepła w 2D – elementy czterowęzłowe

qn = 0

q
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=
0
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T
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C
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f = 2 J/m2s
h = 1 m
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1
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Wektor fb – element 1

f1
b =


0
0
5
5

 − ∫
Γ1
li

(N1)TqndΓ

−
∫

Γ1
li

(N1)TqndΓ = −
∫ 3

0

(
N1(x(1) =0, y(1))

)T
qndy(1)

=

 fb10
0
fb4



K1 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
K2 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
f1 = f2 =

[
3
3
3
3

]

f1
b

=

[
fb1
0
5

5 + fb4

]
,

f2
b

=

[
0
0
5
5

]

Θ =

 20
48.429
56.756

20
40.361
48.528


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Przykład przepływu ciepła w 2D – elementy czterowęzłowe

qn = 0

q
n

=
0

qn = 5 J/m2s

T
=

2
0
◦
C

k = 0.9 J/ms◦C

f = 2 J/m2s
h = 1 m

x(1)

y(1)

i j

kl

1

i j

kl

2

1 2

34

5

6

Wektor fb – element 1

f1
b =


0
0
5
5

 +


fb1
0
0
fb4



f1
b =


fb1
0
5

5 + fb4



K1 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
K2 =

[
0.650 −0.350 −0.325 0.025
−0.350 0.650 0.025 −0.325
−0.325 0.025 0.650 −0.350

0.025 −0.325 −0.350 0.650

]
f1 = f2 =

[
3
3
3
3

]

f1
b

=

[
fb1
0
5

5 + fb4

]
,

f2
b

=

[
0
0
5
5

]

Θ =

 20
48.429
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20
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48.528
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Przykład przepływu ciepła w 2D – elementy czterowęzłowe

qn = 0

q
n

=
0

qn = 5 J/m2s

T
=

2
0
◦
C

k = 0.9 J/ms◦C

f = 2 J/m2s
h = 1 m
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Wektor strumienia ciepła – element 2
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Obliczenie temperatury w punkcie elementu 1
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T e(xe, ye) = Ne(xe, ye)Θe

np. w środku masy (1, 1.5)
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